MATHEMATICAL STUDY OF THE PLANAR OSCILLATIONS
OF A HEAVY, ALMOST HOMOGENEOUS, INCOMPRESSIBLE,
INVISCID LIQUID PARTIALLY FILLING A CONTAINER"

P. CAPODANNO!, D. VIVONA?

In this paper, the authors, after showing that the problem of the small oscillations of a
heavy heterogeneous liquid, which fills partially a container, is not a classical
problem with discrete spectrum, study in details the two-dimensional problem in the
particular case where the density of the liquid in the equilibrium position can be
approximated by a linear function of the height of the particle, which differs very
little from a constant, in the fluid domain. Then, the fluid is called “almost
homogeneous in the fluid domain”. They prove that, in this case, the spectrum is real
and decomposed in two parts: an essential spectrum which fills a bounded interval
and a point spectrum formed by a sequence of eigenvalues tending to infinity, by
means of the methods of the functional analysis. Finally, they explicit the spectrum in
the particular case of a rectangular container.

1. INTRODUCTION

The problem of the small oscillations of a homogeneous, incompressible,
inviscid liquid in a container, taking into account the gravity or under zero gravity,
has been dealt with in very many works, which are analyzed in the books by
Moiseyev and Rumiantev [9], Myshkis et al. [10], Kopacheskii et al. [5]. The case of
a container containing two immiscible, incompressible liquids has been studied in the
book by Kopachevskii et al. [S], where is also treated the problem of a finite number
of liquids, and by Capodanno [2] who considers also the case of viscous liquids.

But it seems that, since the old papers by Rayleigh [11] and Love [7], which
are summarized in the classical book by Lamb [6, pp.378-380], the case of the
heterogeneous liquid has not interested much the scientists.

In the paper (Capodanno [1]), the author has studied, in the two- dimensional
case, the oscillations of a liquid whose density is an increasing function of the
depth and which fills completely or partially an arbitrary container. He has proved
that, because of the non-compactness of the operator of the problem, this one was
not a standard vibration problem (Sanchez Hubert and Sanchez Palencia[13]) [i.e. a
problem such that the eigenvalues are real and positive and form an increasing
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sequence which tends to infinity and the associated eigenfunctions form an
orthogonal basis in a suitable Hilbert space] and he has studied in details the case
of a rectangular container, in particular for the Rayleigh exponential law of density.
But he could not study the spectrum of the problem in the general case.

Though it is theoretical, this paper has interested companies, which make
software in fluids mechanics.

In a following paper (Capodanno, [3]), the same author has studied in details
the case of a container closed by an elastic cover.

In this work, the authors, restricting themselves, like Rayleigh and Love, to
the two-dimensional problem, consider the case where the density of the liquid in
the equilibrium position is approximately a decreasing linear function of the height
of the particle, which differs very little from a constant in the domain occupied by
the liquid: the liquid is called “almost homogeneous in the domain”.

It is possible to use an approximated equation, analogous to the Boussinesq
equation of the theory of convective fluid motion (Kopachevskii et al.. [5, pp. 268—
269]. By using the method of the orthogonal projection, the authors obtain the
operatorial equation of motion in a suitable Hilbert space and prove that the
spectrum of the problem is real and decomposed in two parts: an essential spectrum
which fills a bounded interval and a point spectrum formed by a sequence of
eigenvalues, which tends to infinity. Finally, they explicit the spectrum in the
particular case of a rectangular container.

2. EQUATION OF THE PLANAR MOTION OF AN HETEROGENEOUS
LIQUID IN A CONTAINER

The axis Ox, is directed vertically upwards; the axis Ox, is horizontal and

contains the free line in its equilibrium position (Fig.1).

L

Fig. 1 — Liquid in a container.
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We denote by u (x,t) the small displacement of the particle of the liquid,
which occupies the position x(x,,x,) at the instant ¢ with respect to its position in

the equilibrium configuration at the instant £ =0, by p (x,7) and p (x,t) the

density and the pressure at the point x at the instant .
1) The equation of the motion are

plii ==Vp —p'gh, ||z Ou

% 2

divii =0, ot

where g is the constant acceleration due to gravity and Q the domain occupied by

the liquid.
The equation of continuity is

*

op . =
—+div(pu )=0;
Py (pu )

taking into account of the equation divie =0, we have

*

8,0 _,’* *
P - vy
ot »

Let ¢ be a small parameter which characterizes the smallness of the
oscillations; we set

0 (x,0)=p,(x)+& p'(x,0)+...,
p*(x,t)Zpo(x)+gpl(x,t)+...,
0= @' (n)+...,

where p,(x) and p,(x) are the density and the pressure in the equilibrium

position.
We have

_Vpo ~ P (x)g)_éz =0;
then, p, and p, are functions of x, only and we have

dp,(x,)
?T; ==py(x,)g .
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We will assume that, at the equilibrium position, the density is an increasing
function of the height, i.e

dp, (x,) _ p(') <0.
dx2
We have, at the first order in &
divii =0 ;
integrating from ¢ = 0 to ¢, we obtain
divi =0.

In the same way, the linearized equation of continuity, the linearized Euler's
equation and the kinematic condition on the wall take the form:

pl(xat) = —u;(x,t)p(;(xz),
poii' =-Vp' = p'g %,
i -i=0onS

where 7 is the unit normal vector on the wall.
The equation of the free line can be written in the form

x, = € uy(x,,0,0)+....

We must have p = p, on the free line, p, = p,(0) being the constant
atmospheric pressure, i.e.

pole ué(xl,0,1)+...]+8 pl[xl,g ui(xl,O,t)+...,t]+... = p,(0),
and therefore, at the first order in €:

pl(x],O,t)Zpo(O)gu;(xl,O,t).

Suppressing the upper index 1 in the preceding equations, we obtain the
equations of the small oscillations of the liquid (Capodanno, 1993):

po(xz)ﬁ=—Vp—p(x,t)gfc2, (1)

divu =0, (2)

p(x’t) = _uz(xat)p(')(xz)’ 3)
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in Q
u-n=0 onsS 4)
P(x,,0,8) = py(0) g u, (x,,0,1). ()

Eliminating p(x,?) between the equation (1) and (3), we have

20 (x,)ii ==Vp+ p, (0) g u, (x,0)%, in Q. (6)

2) Let us look for the variational formulation of the problem. Taking the
scalar product of the equation (6) and the vector w and integrating on Q, we have

Igpo(xz Yii - dQ = — IQVp W dQ+ jgp(; (x,) g u, w, dQ.
Taking w such that divw =10 and w-7# =0 on S we have
_[QVp-WdQ = IQ[diV(p W) — p divin] dQ = jwp Wi dS = Irp w, dI
and, therefore, using (5)
jﬂvp WdQ = IrpO(O) gu, w,dl.
Then, we obtain the variational equation
[ po ()i -39 dQ = [ pi(x,) g uy w, dQ+ [ p,(0) gty Wy AT =0

for every w “admissible”.

Looking for solutions in the form #i(x,#) =¢'"U(x), we must find U(x)
and a positive real number ®” such that

o [ py(x,)U -0 dQ=~[ pi(x,) gU, w, 42+ p,(0) g Uy wy dT

for every w “admissible”.
Let us consider the case of the completely filled container.
Since divU =0, diviw= 0, we can write

v op

- 0ox, e ox, .
oy _%
ox, ox,

W is the stream-function which we can take equal to zero on the boundary 0 of Q.
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Then, we introduce the space V formed by the function w € H,(Q)
equipped with the scalar product

W.0)y = | P&V Ve dQ;

the associated norm is obviously equivalent to the classical norm of H; ().

We have the problem: to find w(x) € V' and a positive real number @” such
that

o
o W.0), == pox:) g aw 8(/) dQ veer.

Since the bilinear form

oy O 40

a(y,p)= J-po(xz)g ox. ox,

is obviously continuous on ¥V x V', there exists a bounded linear operator 4 from
into ¥ such that

a,p)=(Ay,p), VeV,

so that we must study the spectral problem

Ay =o'y, wevV.
A is bounded and symmetrical. It is positive definite; indeed, we have

(Ay,9), 20, zero for v _ 0 ae.
ox,
It can be shown that from this equality and the condition y,, =0, we can
deduce v =0 a.e (Miklin, 1970, p.31).
Therefore, the spectrum of A is real and lies in the interval [0,|| 4]|]. But, 4

is not compact and its spectrum is not discrete.

In the case of a partially filled container, appears an integral on the free line I
and the problem is more complicated.

The problem of the small oscillations of a heavy heterogeneous liquid in a
container is not a classical vibration problem with discrete spectrum. It seems
difficult to study the spectrum in the general case; but (Capodanno, 1993), it is
possible to explicit it in the particular case of a rectangular container.

In order to study the general case of an arbitrary container, we restrict
ourselves to a “simplified” problem.
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3. EQUATIONS OF MOTION OF AN ALMOST HOMOGENEOUS LIQUID

r

Fig. 2 — Small oscillations of liquid in the container.

We denote by —/4 (4 > 0) the ordinate of the lowest point on the wall S of
the container (Fig.2). In Q we have | x, |</.

Let us suppose that the density of the liquid in the equilibrium position can
be written in the form

(X)) = f(Bx,) ,

with 7(0)>0, f'(0)<0 , B being a positive constant such as % is sufficently
small, so that (Bh)*, (Bh)’, --- , are negligible with respect to h.
Since | fx, |< fh in Q, we have

Po(x,) = f(0)+ Bx, f'(0) +....

Then the liquid is called almost homogeneous in €.
Changing the notation, we shall write

Po(x,) = p(1=fx,) +o(Sh).
In the following, we replace, in the equation (6), p,(x,) by the positive

constant o and p,(x,) by the negative constant —pf3 .

Then, we obtain the approximated equation, analogous to the Boussinesq
equation of the theory of the convective fluid motion (Kopachevkii et al., 1989,
pp.268-269):

u=— Vp-pgu,x, in Q. (7)

1
P
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The equation of the small oscillations of a heavy almost homogeneous
incompressible inviscid liquid in the container are (7),(2),(4),(5).

By virtue of the incompressibility of the liquid, we must have Iruz‘r dl’'=0

and hence J. Pr d'=0. But p is indeterminate to the constant of an additive

function of time; the condition gives this function.

4. OPERATORIAL EQUATION OF THE PROBLEM

1) We are going to use the method of the orthogonal projection. We introduce
the following spaces (Kopachevkii et al.,(1989), p.106):

Jy(Q) = {ii e (Q)=[L*(QF;divii = 0,u, =0 in H " (0Q)},
G(Q)={@=Vp;p e H'(Q); | p dT =0},

Jo, (Q) = {ii € L*(Q); divii = 0,u, =0 in [Hy; (S)]'},
G,,(Q)={ii=Vp; pe H'(Q);Ap=0;u,=0 in [H(S)]; | p AT =0},
G,r(Q)={ii=Vp; pe H (Q); p, =0},
equipped with the classical norm of r (), the space (Dautray Lions, 1988, Vol .4,

pp.1223-1224)
H(AQ)={ve H(Q);Ave [}(Q)},
equipped with the norm

12

2 2
v HH(A,Q): {llv HHI(Q) +[ Av HLz(Q)} 5

0
(it is well-know that 8_v makes sense as element of H"*(6Q)), and the space
n

op . ,
Hys={pe H'(Q): Ap=0:Zin[Hy (S)]'; [ p dT =0},
on

equipped with Dirichlet's norm (J.Q | Vp [ dQ)"?, equivalent in this space to the

norm of H'(Q) and H(A,Q). The space [H,;(S)] is defined in (Dautray et
Lions, Vol.4, p.1241).
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We recall the orthogonal decomposition (Kopachevskii et al. 1989), p.106 :
L(Q)=J(QOGQ) ; L(Q)=J,,(QDG, (),
Jos(Q)=J (DG, () ; G(Q) =G, (DG, ().

From first and the fourth decompositions, we have
Q)= Jy(Q) @G, () G, ().
We can suppose i € L'(Q) and p e H'(Q). Since divii =0 and u, =0
on §, we take u € J, ((€2); on the other hand, we have Vp € G(Q2).

By virtue of the preceding decompositions, we are looking for # and V® in
the form (Kopachevskii et al. 1989, pp.200-204) :

u=v+Vo,with veJ (Q), VP e G, (),
Vp=V@+VK ,with Vg e G, ;(Q),VK € G,.(Q).
Writing the equation of the motion in the form
o’v o’ 1 1 oD
—+—(VO®)=——Vp-—VK - v, +— |X
atz 6t2( ) p (0 p ﬂg( 2 ax2] 2

and calling P,P,,P. the orthogonal projections of L*(Q) onto
Jy(Q),G, s(Q), G, (€2), we obtain

0% oD )

szl
2
2
2 waoy=-Lvp-pen|[n+ 25 |, ©)
ot yo, 0ox,

O=—lVK—,H gP. sz +2£}?2}. (10)

P X

oD
In the following, we will see that ?r depends on 8_ , so that, if @ is
n|r

known, it is possible to calculate ¢.. But, since ¢ € H ;’S (Q), we have: VO =0

0
in Q, 8_(0 =0 on S, Ir(qrdf =0;if @r is known, @ is solution of Zaremba's
n
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problem and hence, is determined. Therefore, if @ is known, it is possible to
calculate ¢ .

Then, we need only the first two equations, the third gives VK .

- D _
Since, P (v,X,) and PS(Z—xz) belong to G, ((€2), we can set

X,
- ob
PS(VQXQ)ZVW > Ps(a_xz):v\Pa
X,

where 7 and V¥, like ¢ and @, belong to H ,LS (Q).
Then, from the equation (9), we can deduce the first integral
O'D
ot’
Integrating on ', we have C(¢#) =0 and finally

= Bay+¥)+C(t) Q.

o°D
ot’

Let us transform the dynamic condition on the free line

=—fBgw+¥Y) inQ (11)

Pr=pP&Uyr=pP&U, -
From Vp=V@+VK , we deduce p=¢@+K + f(¢) and, after integration
on I, f(t)=0,ie.
p=¢p+K inQ
and therefore

Pr=Pr-

odb -
On the other hand, we have u, =v, + P and since v € J (Q):
n

0D
Ur == I

on

so that the dynamic condition on the free line can be written

oD
¢\F:pg |r9
on

odb
therefore, ¢ depends on . I -
n



11 Planar oscillations of a heavy, incompressible, inviscid liquid 83

Let us write the first integral (11) on I

2
oD oD

al‘z‘r :_gah" _ﬂg(V/'i'LP)\F' (12)

Since @ eH}l,S(Q), if @ is knowm, @ is determined as solution of
Zaremba's problem and we can calculate ¢ .
Consequently, we may take vV and @, as unknown functions and the

equations of the problem are (8) and (12).

2) We are going to transform these equations into an operatorial equation in a
suitable Hilbert space.

Let us introduce the spaces

H{ Q) ={ueHQ); J-ru‘rdl“ =0,
equipped with Dirichlet's norm, and
zz(F)z{feLz(F);J.rde=0}.
We denote by y, the restriction to I' of the trace operator on 6€2 ; we write

p®=0, , ®ecH(Q) .

~2
It is well-known that y,. is bounded and compact from H.(Q) into L (),
that its range is

" ()= (f eH™(D); [ fdr=0}.

It can be proved (Kopachevskii et al., 1989, p.45) that the orthogonal
complement of the kernel Hé,F(Q) of y. in HL(Q) is the space Hé,S(Q) and

~1/2
that y. is an isometry from /1 ,LS (I') onto H 1 (Q).

—~1/2 ~2
On the other hand, the embedding from H 1 (I') into L (I') is, classically,
dense and compact.
The adjoint 7" of y,. is defined by

(Ty0) ) =W Yy e (D). YreH, (@,

where (ﬁ 1/2(1"))' is the antiduality of H 1/2(1“) and (-,-) is the antidualicty
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between (ﬁ " (I")) and H" (I'). T is, classically, an isometry from (ﬁ " )
onto H, ;(€).

We can interpret 7 '® e (ﬁ " I) , ®eH ,LS (Q), as the normal
derivative o I
Indeed, setting v =T 'u,u € H ,1 s(Q) in the preceding equation, we have
[ Vu-vvdQ=(T"u,y) VuveH, (Q).
Since H /i,s (Q) is a subspace of H(A,Q), we can applied the generalized

Green formula (Dautray, Lions, 1988, Vol.4, p.1224)

ou

<§’V>H‘”2(8Q), H"(5Q) = .[QAu -y dQ+IQVu Vv dQ

Yue H(A,Q),Vve H (Q).
For ue H!

s » We have then

- ou
IQVI,{ . VV dQ = <5,V>H71/2(ag)’ Hl/z (aQ) s
so that
ou
—1 /-
(T u,yr) = <8n ’V‘OQ>H*“2(6Q), H2(0Q) *
Taking into account of Z—u =0 on S, we may consider 7'u as the normal
n
derivative Sk .
on r

We are using also the following well-known result (Sanchez Hubert and
Sanchez Palencia, 1989).

~1/2 ' ~1/2
The operator C =y T is an isometry from (/4 (I')) onto H (I'). Its
~2
restriction to L (") is bounded, self- adjoint, definite positive and compact. C"*

is an isometry from (ﬁ 1/2(1"))' onto Zz(r) and C"” is an isometry from
ﬁm(F) onto L’ ).
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Because of the interpretation of 7', we have

v =[c2]
on )

Let us introduce in the equations (8) and (12) the function

77 — C71/2 (%) — Cl/z q)‘r c ZZ (r)
I

instead of .
The equation (12), after applying the operator C 12 takes the form

dn’ _ _ _

d7l‘72 =—gC 177_/8 g(C 1/2‘//|r +C 1/Z\PW)- (13)
Let us consider the equation (8), i.e.

d’v - od _

—ZZ—ﬂgPO(vzxz)—ﬂgPO -~ X |-

de ox,

We may put
BgR(WX,)=4,V,

where A, is a linear operator from J,(€2) into J ().
Since @ defined linearly on 77, we may put

o _
ﬂgpo(gxzj:flum
2

where 4,, is a linear operator from ZZ(F ) into J,,(€2).
Then the equation (8) takes the form

d*v -

?:AMV_AQ . (14)

In the same way, since Vy = F;(v,X,), we can put
ﬂ g C_l/z l//\l“ = Azl ‘7 b

where A,, is a linear operator from J () into ZZ(F) .
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oD _ .
Since Vi = P (a— sz depends linearly on 77, we may put

%3
pgCc™”® Wr=A4,V,

~2 ~2
where 4,, is a linear operator from L (I') into L (I).
Then the equation (13) takes the form

d? _ -
d;z?:_gc 177_’421"'_‘422 n- (15)
Let us put
v ~2
y= . eH=J,Q®&L (I,

H being equipped with the scalar product

(053D = B9 2 )+ ) oy

A= , B= b
4, 4, 0 gC

we obtain finally the operatorial equation of the problem

and

dZ
dtf+(A+B)y=o, yeH. (16)

5. PROPERTIES OF THE OPERATORS OF THE PROBLEM

1) Study of the operator A,,. In this study , we denote by (-,-) and ||-|| the
scalar product and the norm of L*(Q) or J,(Q).

a) A, is symmetrical. Indeed, for every pair u,v € J,(€2), we have

(4,,9) =B g Bw,%)vdQ=pg| (%) vdQ=pg| u,v, dQ
and

(if, 4,) = (4,7,i) = B g[ u, v, dQ.
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Therefore, we obtain
(4u,v)=(u,A4,v).
b) A, is bounded. We have
A ll= 7 gl B wX,) |I< B g lluX, Il
and consequently
|4 li< B g llull.
¢) The spectrum o (A, ) of A, is the closed intervall [0, f g]. Indeed, we
have at first:
(A,ii,ii) = S ng lu, [P dQ>0.

Let us consider the ratio

(A4,u,u) _ J-Q |4y |2 dQ

lalF "o e
Its inf is obviously zero and its sup, i.e. || 4, || is < S g.
Therefore, the spectrum o(4,,) 1is contained in the interval
[0,]1 4, 1[0, 8 gl.

In order to prove that it is [0,/ g], we can apply the following Weyl's

criterion (Reed and Simon (1970), p.273):
Let A be a bounded self-adjoint operator of a Hilbert space. A belongs to

the spectrum o (A) of A, if and only if, there exists a sequence {6} such that

16,11 and lim,_., | (4= 2 1)6, |=0.
In order to prove that every A such that 0 <A</ g belongs to the

A
spectrum o(4,,) of A, we prove that, for every u= ,3_ such that 0 < <1,
g

there exists a sequence {i, } € J,(€2) verifying

1 . -
I ?Kul — i ||
g — 0 when [/ - .

14, ]
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Then, since o(4,,) is closed, it is the closed interval [0,/ g] and,
consequently, || 4, ||= F g.

We notice that, since there is not a discrete spectrum, o(4,,) conicides with
the essential spectrum o, (A4,,) of 4,,.

We must construct a suitable sequence {u,}. With this aim in view, we

adjoint a process used in (Kopachevskii, 1989, pp.193-196).
q(x) being an element of D(Q), let us put

A
e
. ox,
U= oAa |
vy =28
ox,

Obviously, u € J,(€2).
We need to calculate A, u,, and hence F,(u, X,). Then, we introduce the

auxiliary Neumann problem:

Ap=div(u, ¥,) inQ ‘gﬁz(uzxz)-ﬁ on 8Q.
n

It is easy to see that
w=u, X, =Ve
belongs to J,(Q2). Since Vo e G(QQ), we have w= P,(u, X,). Then, we can
write
P(u,x,)=u,x,-Veo.

Consequently, we can calculate simply F,(u, X,) and then A4, u, if we

know one solution of the auxiliary problem.
Indeed, the auxiliary problem is

2
Agz):—aﬂ imn Q ; 8_(/7:() on 0Q),
Ox,0x, on
o’q

and we can take ¢ = —

ox,0x,
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Then, we have

Ay u=pgu, x,-Vo),

Le.
o’q
1 | &’xox,
AU = ;
pg 0q 0OAq
ox,0°x, ox,

In order to construct the sequence {i, } , we take

4(x) = 4,,(x) = "),

where @(x) € D(Q) is independent on n and m and is equal 1 in the circle
|x=x,[<r (x,€Q), whose the radius 7 is so small that this circle C lies

entirely in Q.
We consider the sequence

aAQmH
| e,
umn
aAqmn

ox,

and we assume that 7 and m tend to infinity, the ratio — remaining constant.
n

We obtain easily

(3A i(nx; +mx
Bl — _in(n? + m)O(x)e ™™ 4 O(n* +m?).
Oox,
on* +m’ _ o .
where % contains only the derivatives of @(x) and therefore, is
n +m
uniformly bounded in Q and equal to zero in the circle | x —x, [<7.
We calculate also % and we obtain finally
x2

mn .

i = (_’mj (1 +m?)e ") g(x) + O(n* +m?).
mn
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In the same way, we have

1 i, = (_ij (n* + m2)e“"‘1*"“2)9(x) +O0(n* +m”).

pg in
From the preceding results , we deduce
1 . n’ 2 2
A u, =0m +m”),

ﬁ g mn n2 + m2
and therefore

1 _ n
| @An“mn T IS c(n” +m?),

where c¢ is a positive constant.

Now, let us study || u
We have,

mn ||

|4, = (1" +m*)* |0 +O[(n* +m*)™*],
so that

li, ['<c(n®+m’) (¢ positive constant)

mn
and
i, |'<c,(n*+m*)’ (¢, =c, meas.of Q).
On the other hand, in the circle |x—x, |<7, we have |ii, ['=(n’+m’)’,
since @ =1 and O(n*> +m*)=0. Then, we have

I, 1= [, 1, P 4Q= [\ dQ= e, +m™) (g =7r7),

Finally, we can write,
2 23 e R 2 233
c,(n"+m”) Slu, |[<c,(n”+m”).

Let x4 suchthat 0 < g <1. For every &> 0, no matter how small, a rational

m
number — can be found such that
n
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Let us choose, m = [m,n =In, where [ is an integer number which tends to
2 —2

e n
infinity; we have — ~=———5 and then,
n-+m- n +m

2

'u<n2+m2 SHTE.
From the inequality
1 1 n’ :
—A. u —puu |<|—4,,u_ - U + — u
Hﬂg 11 “mn ﬂ mn || Hﬂg 11 “mn n2+m2 mn“ |n2+m2 /l’l||| mn ||
and the preceding result, we deduce
R
11umn _ﬂumn
pg _ < Je L /0_2
Z'tmn || \/}72 +n_’12 l CO
and therefore
1 R N
|| Allumn _ILlumn ||
Bg <2¢ &
4, |l ¢

for m=Im , n=In and [ sufficiently great.
The sequence {i; ;} satisfies the Weyl criterion, so that we have

O-(All) = [07 ﬂ g] = Jess (All)'
2) Study of the operator A
2a) A is symmetrical. We have

(A, )y = (A4, + A12779‘72)L2(Q) + (A4, + 4,1, Uz)iz(r)

and, therefore
n
pg

The first scalar product can be written

oo, . . . -12
(A, )y = (Bl(v, +8_xz)xz]avz))Lz(Q) +(C (‘//1|r +\P1|r))iz(r) .

oD, .
(v, +8_xz)’v2 )LZ(Q) .
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Let us transform the second product scalar. We have

oD

(17, C™ (- + Tur))iz(l") =(C" o > C 2 (e + \Pur))zz(r) =

oD
= IV T Gy, ()

since C,,, is self-adjoint. Using the formula

(Vu,Vv)Lz(Q) =<T_1u,vlr>( ‘v’u,veH}LS(Q) ,

#2(I)), H12(T)
we obtain

(17,5 c”? (l/ll\l" +¥ ))ZZ ) =(VO,,V(y, + lPl))Zz Q) -
ob, oD,
=(V®,, F[(v, + g;)xz ])Lz Q) =(VO,,(v, + g;)xz)g Q)
Finally, we find

1 oo, . _
@(Aypyz)y = ((V12 +g;)xza"2 +V(D2)L2(Q) =

od oD
= n + = D+ 2) 40,
) Xy Xy

from we deduce easily the symmetry of the operator A .
2b) A is bounded and || A||= f g. Taking y, =y, =y, we have

2
oD - 2
v, +6_ dQ<|v+VD ||L2(Q) .

X

1 —
@(Ay,y)ﬁ = i

Since, VD € H,i s, we have

2 _(vovedo=2 -
V@l [Vove =, ’r’q)'r)(ﬁ“(r))?Flm(r)

=(C"n.C"n >(F1“2 (r))', A'»(T).

. —-1/2 . . . .
Since C™ is self-adjoint, we can write
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2

IVO 3 0= 1y =171 gy

so that
- 2 _
|v+VD ||L2(Q)_|| Yy ||§1 .

Consequently, we have
14l g

But, from

A
||A||: SupH yHH =su

- 2 - 2
([ 4,V + 4,7 HLz(Q) +[ 4,V + Apn Hz(r))

2 2
it 10y e U113 + 1718 )"
we deduce
||A11‘7||2 (@]
| 4|> sup #—()=||A11||=,Bg
() 1V 1kqy)
and finally

| Al= 2 g.
2¢) Study of the norms of the operators Ay.. Writing the inequality

1
pg
for v =0, we obtain
L 2 Yre D)
Bg 011517 1) = n () n 5

and then
| 4y (< B g-

By definition of || A ||, we obtain

||A21HSﬂg > HAIZHSﬁg'

3
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0 V.
Taking y, = ( j and y, = (02 ] , we obtain, by virtue of the symmetry of
h

A:
(Alznl"—;2)L2(Q) = (771>A21‘72)Lz(r) v e r (I),v, e 1,(Q),
so that
Al*z = A4,.

3) Study of the operator B. By virtue of the properties of C, C™' is an
unbounded operator of I (I'), self-adjoint, and strongly positive, so that B is an
unbounded operator of H , self-adjoint and not-negative.

4) First remark on the operator.A = A+ B. Looking for solutions of the
equation (16) in the form

y(x,1) = y(x) e
and putting . 4= A+ B, we obtain
Ay =y,

A being self-adjoint like A and B, the spectrum of the problem is real. On the
other hand, since

0s3) =(Ay.) +(&C M)y ),

A is not negative, so that its spectrum lies on the real positive halfaxis and @’ =0
is an eigenvalue.

6. THE POINT SPECTRUM

Let us seek the eigenvalue @ such that @’ >f g. Setting

1
U= @ <——, we write the equations (14), (15) in the form
(= pud, v = pA,n, (17

HA Y+ (A, +gC 7 =17. (18)
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Since || 4, [F B g,

I — uA,, || has a bounded inverse, which is holomorphic

1 . .
for | £ |< —— and we have for this inverse the Neumann series:

R(w)= (I_IUAU)_I = E ,:ukAlkl'
k=0
The equation (17) takes the form

V= (1) A, .

Substituting into the equation (18), we obtain the equation for 7:
12 Ay R() Ay 17+ pa( Ay, +gC =17, (19)

The bundle of operator IN?( M) is obviously self-adjoint, so that, since 4, and
A,, are mutually adjoint, the bundle A4, R( ) A, is self-adjoint.

The operator D = 4,, + gC ' has an inverse which is bounded, self- adjoint,

12

positive definite and compact from r (F) into itself. Applying D™ to both
sides of (16) and setting 77' =D" 1 , we obtain the equation
E(w=[ul-D" -’ ®(w)]n =0, Vn'e}(I) (20)

where ®(u)=D""" 4, k( 1) A, 7 is a bounded , self-adjoint bundle of
operators.
The bundle E(u) is classical (Kopacevskii et al., 1989, p.81):

— D' is self-adjoint, compact from (I') into itself;

— @(u) is an operatorial function which is self-adjoint and holomorphic for

1
| |<—;
B g

— E(0)=-D"" compact; E'(0)=1I strongly positive.

Therefore, there is a countable infinity of eigenvalues g, in the interval
[0, 8 g], which tend to zero as k — +o, so that the corresponding eigenvalues

@, of the problem tend to infinity as k — -+oo,
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The corresponding eigenelements 77,'6 have not associated elements and form
a Riesz basis™ in a subspace of I (I') which has a finite defect (i.e. whose the

orthogonal complement in L*(I") has a finite dimension).

Vi _ 2
j of the problem Ay ="y

The corresponding eigenfunctions y, 2[
k

are determined by

m=D""n, 5V, = wR(W) A, 1y

If we assume that these eigenfunctions are normalized, we find easily
v <
1912y < 2 B gt

so that ¥, = 0 as k — oo and therefore || 77, HLQ(F)_) I.

7. THE ESSENTIAL SPECTRUM

1
Now, we suppose that @ < 8 g and then > ﬂ_
g

We are writing the equation (18) in the form
(u —Dn=-ud,y.

D is an unbounded, self-adjoint, strongly positive operator, with a compact inverse;
let A(D) be its smallest eigenvalue. We have

2
((u - I)U,U)Zz(r) 2[uA0)-1]ln HE(F) .
We distinguish between two cases:
1) A(D)> L Then, since x> 1 , uA(D)—1 is strongly positive and
pg pg
compact and has a compact inverse. We can write

n=—p(u =I1)" 4,

" Let {ek} an orthonormal basis of L’ (I') and Q a bounded operator with bounded

inverse. Then, {Qek} is a basis of I (") , called Riezs basis of I I).
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Substituing in the equation (17) and replacing £ by —@" , we obtain
M(@*)-a’)V =0 , V g, (Q)

with M(?) =4, — A,(-0’ 1) 4,,.

Let us study the bundle of operators M (@°).

If @ is fixed real < g, the operator V(@) = 4,(D—@°I)"' 4,, is self-
adjoint, and compact, because 4,, and A4,, are bounded and (~@°I)”" compact.

Let @” fixed, arbitrary in [0, B g]; we consider the operator
M(a)lz) =4, _V(a)f)'

Since V(a)l2 ) is compact, we have, using a classic Weyl criterion
(Kopachevskii et al., 1989, p.21):

Uess[M(a)12 N=o0,.(4,)=0c(4,)=[0,8 gl

Let us use another Weyl criterion: let @, be a point of o, [M(@])]; there
exists a “Weyl sequence” {V,}, which depends on @ and @, such that

v — 0 weakly; inf ||V, ||>0; (M(@))—@; 1)V, >0 in [,(Q).

Let us choose 0)12 = a)22 ; the associated Weyl sequence {;} depends
obviously on 0)12 only.

Then, a)l2 belongs to the spectrum of the problem
M(@)-a® T)V >0 , Ve, (Q).

Indeed, a)l2 does not belong to the resolvent set of the operator M (a)l2 ), so
that M (@)~ @; I has not a bounded inverse. Therefore, @ does not belong to

the resolvent set of the bundle M (w’)—@* I and, therefore, belongs to the
spectrum of this bundle.
Since @/ is arbitrary in [0, B g], every point of this interval belongs to the

spectrum of the bundle M (@”)—@* I. Then, this spectrum is [0, g] and

coincides with the essential spectrum of the problem y = @’y .

1
2) A(D)< ﬂ_ . By virtue of the properties of (D) , the spectral problem
g
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(D-&’n=0 , nel ()
is an eigenvalue classical problem: D has a countable infinity of positive
eigenvalues a),f , which tend to infinity as k& — oo . Then, there is at most finite
number of @, in the interval [0, 8 g].
At the points @’ €[0, f g] which are different from these a),f , D-o’I,
and consequently D — 1, has a compact inverse. So, for these @° the results of

the first case are valid. Such @’ belongs to the essential spectrum of A. Since the
essential spectrum is closed, every point of [0, g] belongs to the essential

spectrum of the problem.
Finally, the spectrum of the problem is formed by the essential spectrum
[0, B g] and by a point spectrum which lies outside of this interval.

It seems difficult to explicit the spectrum of the problem, in particular the
essential spectrum, except for special forms of the container.
8. THE CASE OF RECTANGULAR CONTAINER

Let us assume that, at the equilibrium position, the liquid occupies the
domain Q: 0<x, <7z, —h<x,<0, the free line being x, =0, 0<x, <z

(Fig.3).
5

[ o Tre b
V/

Fig. 3 — Rectangular container.

L]

From the equation of motion (7), eliminating p and introducing the stream
. 0 0 .
function y(x,,x,,t) defined by u, = —l'//,u2 = ——l//, we obtain
X X
2 2

0 0 .
y(Az//)Jr,Bg 8):12/ =0 1inQ. (21)
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The kinematical conditions are
w=0 forx=0,x=m,x, =—h. (22)
The dynamical condition on the free line is
p(x,,0,t) = p gu,(x,,0,1).

Differentiating with respect to x; and eliminating @ we find
X

o> oy
—(—)=g— forx, =0. 23
or’ (6x2 g x, 2 )
Looking for solutions of the systems (21),(22),(23) in the form
w(x,x,,t)= Xl(xl)'Xz(xz)'eiw[a

we obtain
X]H a)z err
X, Bg-o& X,
X,0)= X (x)=X,(-hy =0 : A2 KO
X, g X,
We find easily

X, (x)=sinnx, (n=1,2,...)

and the problems

2
Xy 28O gaf 9 x,=0
(n=1,2,..)) (24)
2
, n
X,(-h)=0 ; X.(0)= w—f)@ (0).
We can distinguish two cases:
1) @ > f g.We have
2
X,(r) =shn A G, +h) L A= |2 =P8
@

A being root of the equation
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A
thnhdl = f——,
n thn ,31_/12 (25)

A
1-2%

The roots of (25) form a sequence {4, } , which is increasing and tends to 1.

which we can solve graphically, using the curves y = n thnhAd and y = f

Therefore, the corresponding eigenvalues of the problem are

B g
1-A7

n

2 _
a)n -

and form a sequence which is increasing and tends to infinity. Writing (25) in the
form

A
1- A2

n—2ne”"™+...=p

and seeking A, in the foom A =1-¢a,, o, >0 as n— o0, we find easily the

asymptotic formulae:

anwﬁ ) ﬂ’an_ﬁ,a)ngn'
2n n
2) @’ < f g.Wehave
2
X,(x,)=sinnA(x, +h) , A= ﬂg—zw,
(4]
A being root of the equation
_ A
nthnhi=p m’ o6

which we can again solve graphically.

For every n=1,2,3,... we have roots 4 _(m=1,2,...) which verify the

nm

inequalities

mr_ ., (2m+1)7z.
nh ™" nh

So, we obtain a countable infinity of eigenvalues
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CEE T

nm

which lies in the interval [0, § g].

From the inequalities, we deduce: if n is fixed, im . @* =0 ;if m is

m—o0 " nm
2

fixed, lim,, o, =pfg.

We are going to prove that every point of [O,,B g] is a limit-point of

eigenvalues.

1
Denoting such point by affg, 0 <a <1 and setting o = o u>0,
TH

we prove that there is a sequence of 4 which tends to .

For every integer N , no matter how great, there is a rational number Py

qy
such that

O<,u—p—N£<i.

av b N

N
Let k, be the smallest integer number such that k, >——; we set
dn
n=kyqy, m=kypy.
It is easy to see graphically that

A ey 1
Wdvs> *vPy kyqumr N
so that
2
A —ul<—.
| s kypy | N
The sequence {4 tends to 1 as N — oo,
q { quN’kNpN} H

Finally, every point of [0, g] is a limit-point of eigenvalues and another
part of the spectrum is the closed interval [0, £ g].

9. CONCLUSION

We have proved that the spectrum of the small oscillations of an almost
homogeneous heavy liquid in an open container is formed by an essential
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spectrum, which fills a closed interval of the real axis and by a point spectrum,
which lies outside this interval.
We have explicited the spectrum in the case of a rectangular container: the point

spectrum is formed by a countably infinity of eigenvalues a)f , strictly greater than
S g, which tend to infinity and an essential spectrum, which fills the closed interval
[0, B g], formed by a countable infinity of eigenvalues a)fm and by their limit-points.

Finally, let us make an interesting remark from the mechanical viewpoint.
For the rectangular container, in a neighbrhood, no matter how small, of
every point A€[0,/ g], there are eigenvalues. Therefore, if the liquid is

submitted to a sinusoidal perturbation with frequence \/Z , there is some kind of

resonance.
This remark is valid in the general case.

Let us the equation
dzy + y — feia)t
de? ’

where feia" is a sinusoidale perturbation with frequence @ . Looking for solutions

in the form y = we'”, we obtain

(~o’Hw= f.

If A is a self-adjoint, positive definite, compact operator, it has a discrete
spectrum A4 =24, 2>2..24 2...,4 >0 as n—oo. Let e (i=1,2,...) the

corresponding orthonormal eigenfunctions. Putting f = Zi f;e; and seeking w in

the form w= Zl_wiel. we obtain the classical equation
(4 —)w =f (i=1,2,..).

2 - .
If @ is equal to one A,, we have the classical resonance phenomenon.

The corresponding equation is verifies only if f; =0 and, w, is arbitrary,
different from zero.
(=10, B g], there exists, by virtue of the Weyl

criterion, a sequence {y,} € such that

In our problem, if @° € &

ess

inf |, 11 >0, (~w'1)y, =0 in.
We can say again that there is some kind of resonance.

Received 27 January 2003
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