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PLASTIC FLOW
CĂTĂLIN R. PICU*

Abstract. Thermal activation leads to a reduction of the flow stress below the
athermal value (the zero Kelvin flow stress). The ratio between the flow stress at a
given temperature and the athermal stress (at given material structure) is known as the
Cottrell-Stokes ratio – a fundamental parameter describing thermal activation. This
ratio is independent of strain in pure metals. This observation represents the CottrellStokes law. Here it is shown that the ratio is also independent of the annealing state of
the material, i.e. an invariant of the deformation and microstructure in Al alloys. A
model of thermally activated dislocation motion across fields of obstacles is used to
investigate the physics of the process. It is also used to discuss whether the validity of
the Cottrell-Stokes law can be determined based on strain rate jump experiments and
the Haasen plot, as usual in the current practice.
Key words: thermal activation, strain rate sensitivity, plastic flow, Cottrell-Stokes
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1. INTRODUCTION

In 1955, Cottrell and Stokes published a seminal article on the effect of
thermal activation on the plastic flow [1]. They discovered that in pure Al single
crystals the ratio of the flow stress at two temperatures and same “material
structure” is a function of the two temperatures at which the tests are performed
and is independent of strain. This ratio is known as the Cottrell-Stokes (CS) ratio,
σ(T ) / σ(T0 ) , and its strain independence is known as the CS law. An intense
activity inspired by this observation followed [2–13]. With the conjecture that the
CS law is valid for any two temperatures T and T0 (provided these are low enough)
and the CS ratio is a function of the difference between them,
σ(T ) / σ(T0 ) = f (T − T0 ) , it was proposed that testing the validity of the CS law
amounts to demonstrating that (σ(T0 ) −σ(T )) / σ(T0 ) is independent of strain or,
1 ∂σ
is strain
taking the limit of infinitesimal changes of temperature, that
σ ∂T
independent [2]. Testing these ideas requires performing experiments in which the
temperature is changed rapidly at given strain. The sample is partially unloaded to
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avoid significant structural evolution by creep, and the temperature is modified,
upon which the test continues. The temperature has to be changed fast and
unloading should be kept at a minimum.
To avoid these problems, an alternative method for testing the validity of the
CS law based on strain rate variation was developed. The equivalence is rooted in
the Arrhenius expression for thermally activated flow [e.g. 14]:
ε = ε 0 exp(− (G − (σ − σ ath )V ) kT ) ,
where σ ath is the athermal component of the flow stress, G is an activation energy
and V is the activation volume, which implies that the functional form of the
relationship between the flow stress σ and T is identical to that between σ and
1 ∂σ
1 ∂σ
S
= = m . This interpretation of
may be replaced by
log ε . Hence,

σ ∂T
σ ∂ log ε σ
∂ log σ
) is
the CS law requires that the strain rate sensitivity parameter m ( m =
∂ log ε
strain independent. Equivalently, the strain rate sensitivity coefficient S should be
proportional to the stress. These tests require performing strain rate jumps at
various strains (i.e probing given “material structure” at two strain rates). In a
Haasen plot (S vs. the flow stress, σ), the CS law mandates that the data points
align on a line passing through the origin. This type of tests (based on strain rate
jumps) was used extensively to probe the validity of the CS law.
The CS law was tested in Al single and polycrystals by Cottrell and Stokes
[1] and by Basinski [2]. Cu, Ni and Ag single crystals were also studied [2, 3, 15–
17]. A general agreement exists that in all these materials the CS law is valid at
least in Stage I and potentially in Stage II of the deformation. Departures were
observed in Stage III and at the very beginning of the deformation. Hollang et al.
[13] have shown that the law is valid in single crystals, fine-crystalline and submicrocrystalline Ni. It was also shown to hold in pure non-fcc materials (Cd and
Zn) [7], as well as in Ni3(Al,Hf)B intermetallics [11].
It is believed that the CS law does not hold in alloys. This is based on the
observation that, as discussed extensively in the literature, the Haasen plot of alloys
does not pass through the origin of the (S, σ) coordinate system. The Haasen plot
of a solid solution is a curve that may have a linear segment at low stress, but
intercepts the vertical axis at a positive value. As the material is annealed and
precipitation begins, the intercept of the Haasen plot becomes negative. Overageing
leads to a slight reduction of the slope of the plot, but the intercept remains
negative. Hence, if the validity of the CS law is determined using strain rate jumps,
it would be concluded that essentially all alloys do not follow the law. This is the
dominant current understanding on this issue.
In this work we consider a commercial Al alloy with microstructure that can
be accurately controlled throughout the entire precipitation sequence, from the
solid solution to the overaged stage. Temperature variation tests (the original CS

3

Invariant characterizing thermally activated plastic flow

235

tests) are performed and it is shown that the ratio of the flow stress at given
temperature and the athermal, zero Kelvin (extrapolated) stress is independent of
strain. The ratio is also identical in all stages of precipitation and equal to the ratio
measured by Cottrell and Stokes [1] for pure Al single crystals. Therefore, the CS
ratio η(T ) = lim [σ(T ) / σ(T0 )] is an invariant of the microstructure and depends
T0 →0

exclusively on temperature. Hence, this is a fundamental measure of thermal
activation.
2. EXPERIMENTAL

The material used in this work is AA6022 supplied by Alcoa Inc. The
chemical composition is 0.56 wt% Mg, 1.2 wt% Si, Cu (0.05 wt%), Mn (0.08 wt%)
and residual Fe (0.12 wt%). The main alloying elements are Si and Mg. This alloy
can be heat treated to obtain various precipitation states. The following procedure
was used: the as received material is put in solid solution by annealing at 550 oC
for 2h, quenched and rested for four hours at room temperature. In this state, which
we denote as “no heat treatment” (NHT), the material is predominantly a
supersaturated solid solution. Subsequently, annealing at 200oC is performed for
various durations. In the current tests we consider three precipitation states,
obtained by annealing for 30, 90 and 150 minutes at 200oC. The first is an underaged state in which pre-β" precipitates begin to form (denoted as “under-aged”
(UA)). The second state (denoted as UAp) is also under-aged, but the
microstructure contains larger and less dense pre-β" precipitates. The peak-aged
state (denoted as PA) is obtained after 150 min of annealing and contains a fine
dispersion of β" precipitates which are fine needles aligned in the <100>Al
directions. Therefore, the samples used in this study have significantly different
microstructures, with precipitates of different types and densities. The evolution of
dislocations, the dislocation structure and strain hardening are also expected to be
significantly different.
Testing is performed in the following way: a prestrain εp is applied at room
temperature (T) with a strain rate ε p = 10–3s–1. The sample is partially unloaded
and the temperature is reduced to T0 < T. Cooling is performed as fast as possible.
Unloading is kept to a minimum in order to prevent structural changes. Once the
temperature is equilibrated, the deformation continues at strain rate ε . Unless
specified otherwise, ε = ε p . The yield stress at the current temperature σ(ε p , ε , T0 )
is recorded. Multiple samples are prepared under the same conditions and reloaded
at lower and lower temperatures, T0 , down to a minimum temperature of 98 oK.
The temperature dependence of σ(ε p , ε , T0 ) is fitted accurately by an exponential
(Fig. 1).
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Fig. 1 – Flow stress at various temperatures and constant structure for NHT, UA, UAp and PA
samples. The lines are exponential fits and the arrows indicate the extrapolated values of the flow
stress (athermal limit) at 0oK.

The CS ratio is computed as η(T ) = lim [σ(ε p , ε , T ) / σ(ε p , ε , T0 )] , i.e. the ratio of
T0 →0

the flow stress at the given prestrain and temperature and the effective flow stress
at 0oK corresponding to the same internal structure of the material. The internal
structure is defined by the prestraining conditions.
It must be noted that the extrapolated value σ( ε p , ε ,0) is not the flow stress
one would measure if tests could be performed at 0 oK. At temperatures below
approximately 50oK, quantum effects begin to dominate and the motion of
dislocations is different from what is observed at higher temperatures. However, it
is a value consistent with the material behaviour at higher (but sub-ambient)
temperatures.
3. RESULTS

The central results of this work are presented in Fig. 2. Figure 2a shows the
ratio η measured at 5% prestrain for all materials considered in this study. It is seen
that, although the microstructures of these alloys are very different, η takes values
in a narrow range between 0.73 and 0.75.
Figure 2b shows the variation of ratio η with strain for all alloys considered.
As above, this quantity is independent of strain and identical in all systems. The η
values vary again in a narrow range in the vicinity of 0.75. It should be observed
that 0.75 is also the value measured by Cottrell and Stokes for pure Al single
crystals!
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The data in Fig. 2b indicate that the ratio is independent of the dislocation
microstructure (which is controlled primarily by the applied plastic (pre)strain),
while the results in Fig. 2a show that the precipitation microstructure has also no
effect on η. This renders η a function of temperature only, as already implied by
the relations written above. It turns out that η is an invariant of the microstructure,
at least in this material system.

a

b
Fig. 2 – Values of ratio η for: a) the four annealing states considered;
b) as a function of strain (pre-strain) for all alloys considered.

It is interesting to investigate how η changes with temperature. The relevant
data is shown in Fig. 3. The ratio η decreases monotonically with increasing
temperature, as expected.
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Let us use a model of thermally activated glide of dislocations across field of
obstacles in their glide plane to gain insight into some of the phenomenology
described above. The model was described extensively in other publications [18,
19]. For completeness, only the essential features are discussed here.

Fig. 3 – Variation of ratio η with the temperature. The squares represent the normalized ratio
 (T ) = lim [(σ(ε p , ε , T ) E (T0 )) /(σ(ε p , ε , T0 ) E (T ))] .
η
T0 →0

The dislocations are represented as flexible strings of line tension
Γ = 1 2Gb 2 (G is the shear modulus and b is the Burgers vector length).
Randomly distributed obstacles are placed in the glide plane and the average
distance between them is l c = 1 ρ , where ρ is the obstacle number density.
Under the action of the shear stress τ, a segment of length lc pinned by two
obstacles bows out into an arc of dimensionless radius r * = 1 2τ * . The applied
τl
shear stress τ * is normalized by the Orowan stress Gb l c , τ * = c . The force
Gb
 θ 
acting on the respective obstacles is F = 2Γ cos   , where θ is the angle made by
 2 
the two branches of the dislocation impinging against the obstacle. Let us use the
θ
F
non-dimensional form f =
= cos   for the force. The obstacle strength is
 2 
2Γ
defined as the maximum allowed force f c = cos ( θc / 2 ) .
The 0oK resolved shear stress τ *0 , at which dislocations glide through in
absence of thermal activation, has been evaluated theoretically (Friedel’s result
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[20] indicates τ *0 = f c3 2 ) and numerically. Once the applied stress is normalized
by τ *0 , the CS ratio results: η = τ * / τ *0 . η is the control parameter of all
simulations.
The obstacle-dislocation interaction is described in terms of an activation
energy ∆G = 2Γd ∆G * , where d is a characteristic interaction range. Γd becomes
the unit of energy of the problem. The normalized activation energy is written
∆G * = βf c (1 − f * ) n , with f * = f f c being the reduced dislocation-obstacle
interaction force. ∆G* depends on the obstacle nature but decreases monotonically
with f * . The power n = 2 is considered in all simulations.
The per-attempt probability that the dislocation overcomes an obstacle is
1
kT
=
is the
given by the Arrhenius form p = exp (−α∆G * ) , where
α 2Γd
dimensionless temperature. A stable configuration is obtained when two conditions
are fulfilled at all obstacles in contact with the dislocation: the dislocation bows out
into an arc of circle of radius smaller than the critical one (no Orowan looping) and
the force acting on all obstacles is smaller than fc .
The thermally activated motion of a dislocation across arrays composed from
obstacles of multiple types was studied. Obstacles with normalized strength fc =
= 0.1, 0.3, 0.5, 0.7 and 0.9 were considered, at relative concentrations
5

c = {c1 , c 2 , c3 , c 4 , c 5 } , with

∑ ci = 1 . Vector c is modified from simulation to
i=1

simulation. We seek the admissible values of η at given temperature, α , and
imposed strain rate (mean dislocation velocity, v * ) as c changes. The results are
shown in Fig. 4, where η vs. log(v * ) data are presented for 15 obstacle
populations, c. The maximum normalized velocity that can be reached in this
model is v * = 1 . This happens when motion is fully stress activated, in the
athermal limit (note that η = 1 is a critical point for the system). At smaller
velocities and in presence of thermal activation, each c corresponds to a different η.
However, it is observed that the range of η at given v * becomes narrower as the
critical point is approached. In other words, if the deformation rate is large enough,
the system appears to “select” a value of η. Ratio η becomes more sensitive to the
composition c when the system is deformed at small rates.
Let us use the model to investigate the relationship between the CS law and
the Haasen plot. As discussed above, the Haasen plot (the strain rate sensitivity
coefficient S vs. the flow stress, σ) is used to determine whether the CS law applies
in a given material system. S being proportional to σ indicates that the law applies
and η is independent of strain.
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Fig. 4 – Relation between η and the dislocation velocity at imposed temperature and η, and for many
heterogeneous populations of obstacles of various compositions, c.

Let us consider systems with various compositions c loaded at η = 0.75 . By
keeping η constant, the CS law is imposed. In experiments, as the material
deforms, c and the obstacle density ρ change, but η remains constant. Our
objective is to determine the effect of these two parameters on the Haasen plot, at
constant η. To this end, nineteen compositions c are considered and the strain rate
sensitivity coefficient S, as well as the flow stress, are determined numerically. The
open data points in Fig. 5 (Haasen plot) correspond to these configurations at
normalized density ρ = 1 . The five filled data points (labeled A, B, C, D and E)
correspond to homogeneous systems in which only one type of obstacle is present.
The composition c is shown for several of these systems in the form of histograms.
These are arranged along lines MN and MPQ, with MN going through the origin,
and MPQ having a positive intercept with the vertical axis. If the composition c is
held constant and the density increases, the resulting Haasen plot is a straight line
going though the origin. The arrows starting from points M, P and Q in Fig. 2 show
how the respective point moves in the S - τ * field when the density increases while
c is kept constant. In principle, any path in the η = τ * / τ *0 plane (Fig. 5) is

available, including curves with positive, zero or negative intercepts.
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Fig. 5 – S-τ∗ (Haaasen) plot for nineteen heterogeneous systems (open data points)
with different c and same density ( ρ = 1), and for five homogeneous systems (filled
symbols) with 100% obstacles with fc = 0.1 (point A), 0.3 (point B), 0.5 (point C), 0.7
(point D), and 0.9 (point E) and ρ = 1. The CS ratio is identical for all systems,
η = 0.75. The histograms show the composition c for several configurations.

This demonstrates that even though η is held constant, the Haasen plot may
have multiple shapes and therefore, using the Haasen plot to determine the validity
of the CS law is not always mandated.

4. CONCLUSIONS

Experimental and numerical data presented in this article indicate that:
• The Cottrell-Stokes ratio η is an invariant of the microstructure and
depends exclusively on temperature. Therefore, this parameter appears to
be a fundamental quantity describing thermal activation.
• A simple model of thermally activated dislocation motion across fields of
obstacles indicates that the range in which the ratio can take values
decreases as the deformation strain rate increases. This suggests an
alternative explanation for the CS law.
• Using the Haasen plot to determine whether the CS law applies in a
certain material system may lead to incorrect conclusions. CS-type
experiments involving temperature changes, rather than strain rate jump
experiments, must be performed to determine the validity of the law.
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