TRAJECTORY PLANNING OF A PENDULUM-DRIVEN
UNDERACTUATED CART
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Abstract. The control problem of the pendulum-driven cart has been well studied in
several literatures. The challenge issue of control of such underactuated systems is to
control the motions of the pendulum and the cart by applying only one control input.
However, most literatures focused on addressing the dynamic modeling and the
tracking control design. Few papers have considered the trajectory planning of the
system which is still an open issue. This paper studies the optimization for the
trajectory planning of the system by considering three questions: 1) the furthest cart
displacement; 2) the fastest average cart speed; 3) the most efficient power
consumption. The paper systematically studies the system dynamics, the system
constraints, the tracking control method, some initializations for the optimization
problems, and the solutions for the three optimal questions. Extensive simulation
studies are given to identify the optimum trajectories of the system.

Key words: pendulum-driven cart, underactuated system, trajectory planning, tracking
control.

1. INTRODUCTION

The pendulum-driven cart (PDC) [1, 2] is an underactuated system that has
fewer independent control actuators than degrees of freedom to be controlled. It
contains an inverted pendulum rotated by a motor mounted on the top of the cart
shown in Fig. 1. The cart has four passive wheels which make it move horizontally
on the ground. The control objective of the system is to control the cart movement
by rotating the pendulum periodically. A similar system is the well-known classical
cart-pole system 2. Both systems are underactuated systems with two-degree-of-
freedom and one control actuator. The difference between the classical cart-pole
system and the PDC is that the former addresses a swing-up and balancing problem
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4, while the later addresses a trajectory planning and tracking problem 5. In this
paper, the optimization of the trajectory planning for the PDC is considered.

Fig. 1 — The PDC system.

Control of underactuated systems is currently considered among one of the
most active fields of research due to their diverse applications [6, 7]. The difficulty
of controlling such systems is that the reduced input space is less than the number
of the system configuration to be controlled. Luca et al. 7 has identified the
following three control problems for underactuated systems:

1) Trajectory planning: given an initial configuration g, and a final desired
configuration gq4, find a dynamically feasible trajectory that joins g and g ;

2) Trajectory tracking: given a dynamically feasible trajectory gq(?), design a
feedback control law that asymptotically drives the tracking error
e=q4(t)—q(t) to zero;

3) Set-point regulation: given a desired configuration g, design a feedback
control law to make the equilibrium state g=q4, dg/d=0 asymptotically
stable.

It is known that swing-up control of the classical cart-pole system 2, the
Acrobot 8, and the Pendubot 10 belongs to the set-point regulation problem, while
control of the mobile robot 11, the PDC, the capsule robot 12, and the double-
pendulum driven cart 13 belongs to the trajectory planning and tracking problem.

A number of papers [1, 2, 14, 15, 16] address the trajectory planning and
tracking problem for the PDC system. The first model of the PDC was proposed by
Li et al. 14. In 14, the dynamic model and the trajectory planning problem of the
system were initially studied. Later on, a six-step motion strategy and the tracking
control problem were studied in detail by Yu et al. 1. In particular, the paper has
been devoted to trajectory optimization, and finally, a group of optimum trajectory
parameters for the six-step motion strategy was obtained. In 15, a number of
tracking control methods was studied, and the tracking performance was compared
in terms of the cart displacement. A further study of the control method was
presented in 16, and its robustness to parameter uncertainty and disturbance was
investigated thoroughly. From the literature review above, it is known that the
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modeling and the trajectory tracking problems of the PDC have been extensively
studied. Regarding to the issues of optimization, the following questions arise
naturally:

1) What is the furthest cart displacement?

2) What is the fastest average cart speed?

3) What is the most efficient control consumption?

It is therefore that the focus of this paper is to study the optimization of the
trajectory planning problem for the PDC system by addressing the questions above.
The paper is organized as follows. In Section II, the system dynamics and the
control problem are described, and are followed by some initializations. In Section
111, the optimal problems are studied, and extensive optimal results are presented.
Finally, conclusions are given in Section V.

2. SYSTEM DYNAMICS

A. Equations of Motion

actuated joint

passive wheel
Q Ol

Fig. 2 — Physical model of the PDC.

Consider the PDC in Fig. 2 where the inverted pendulum rotated by a DC
motor is mounted on the top of the cart. The cart has four passive wheels and
moves horizontally on ground. Particularly, discontinuous friction effect exists in
the motion of the cart. The friction governed by the cart velocity is various
depending on the normal force applied on the cart. The parameters of the PDC are
defined as follows. M is the cart mass, m the ball mass, / the length from the pivot
to the mass centre of the ball, p the friction coefficient between the cart and
ground, 0 the pendulum angle from vertical, x the cart displacement along
horizontal, and 7 the torque applied to the pendulum by the DC motor. From the
Newton’s Second Law, the dynamic model of the PDC can be obtained as follows
[1]

(M + m)x —mlOcos 0 + mlO* sin O +

. : (1
+u[(M +m)g —mlBsin0 —ml6? cosO]o(x)=0>
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—ml%cos0+ml*0 —mglsin0 =1, )
where o(x) is a multivalued mapping governed by
1 x>0
o(x)=5[-L1] x=0.
-1 x<0
The control goal is to drive the cart to move in one direction only by applying
the control input z.

B. System Constraints

In order to keep the cart on ground, the normal force of the cart must be
positive,
Mg +F, =(M +m)g—ml0sin0-ml6>cos0>0, 3)

where Fy is the normal force of the pendulum applied on the cart. Based on the
constraint (3), the following lemma is given.

Lemma 1. [f the following condition is satisfied,
02 +6% <22 (4)
where A = (M +m)g /(ml) , the cart will be kept on ground.
Proof. Using the constraint (3), it yields
0sin@+02cosO <A (5)
If 62 + 64 =0, the constraint (3) is held.
If 62 +64 %0, letting o = arccos(é/x/ﬂ) , it yields

V02 + 6% sin(0+ o) < h (6)

Enlarging the inequation above by using

V02 + 0% sin(0+ o) < /62 + 64 (7)
VB +0* < (8)

which leads to

This completes the proof.
Consider keeping the cart still when the pendulum is rotated, the internal force
F, along horizontal direction must be less than the maximal static friction,

|F.|<uMg+F,), 9)

which gives the following lemma.
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Lemma 2. If the following condition is satisfied,

2
52 40 < (“_’“] (10)
I+u
the cart will be kept still while pendulum is rotated.
Proof. using the constraint (9) gives that

‘mlécose — mlf?sin 9‘ <

. . (11)
< w(Mg +mg —mlOsin® —ml0* cos0)
First, consider one side of the above inequation,
ml(®cos®—62sin0) <
(12)

<M +m)g —pmi(Bsin 0+ 6 cos0)

If 62 +0* =0, the constraint (10) is hold.
If 62+ 6 # 0, choosing a constant such that

o =arccos(0/+/0% +6*%),
V02 +0* cos(0+a)+puy0? + 0 sin(0+ o) < .. (13)

If (1+p)V0? +6* <pi is satisfied, the inequation (13) is held. Another side of the

inequation (11) can be verified by using the same approach. So this completes the
proof.

which satisfies

C. Feedback Controller

Since the cart motion is unactuated and the control input t directly controls
the rotation of the inverted pendulum, the control strategy of the PDC is to control
the pendulum to track a proper trajectory that can drive the cart to move in one
desired direction. A feedback controller using partial feedback linearization has
been designed for the tracking control of the pendulum in 2. The tracking controller
is presented as below.

T=a(0)u +p(6,0) (14)
u=0,-K,0-6,)-K,00-6,), (15)
where
272
a=ml*— cos0(cos 0 + psin0) ,
M+m

__mlcosO

B [ml(sin®—pcos0)02 + w(M +m)g]—mglsin6,

M+m
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K, and K, are linear gains, ©,,0,, and 0, are desired trajectories of angular

acceleration, velocity, and position, respectively.

The next task is to find the optimal trajectory of the pendulum that drives the
cart in an optimum manner.

D. Initilizations

The system parameters are given in Table 1. Before the optimization, the
following initial definitions and assumptions are given.

Table 1
The PDC Parameters 1

M m / i g
0.5 kg 0.05 kg 03m 0.01 9.81 m/s>
Definitions:

1) Forward stroke: one forward stroke of the pendulum is a cycle which rotates
from its initial angle 6, to 6.
2) Backward stroke: one backward stroke of the pendulum is a cycle which
reverses back from 0, to its initial angle 0.
3) Full stroke: one full stroke of the pendulum is a cycle which includes a
forward stroke and a backward stroke.
4) Fast motion: rotating the pendulum fast to generate a large internal thrust
horizontally that leads tox # 0 .
5) Slow motion: rotating the pendulum slowly to generate a small internal thrust
that leads tox =0 .
Assumptions:
a) The pendulum rotates in upper plane of [ /2, n/2].
b) For forward and backward strokes, the pendulum starts and ends with still.
c) The initial position of the pendulum is —/2 for each full stroke.
d) For each full stroke, the cart moves and ends with still.

3. OPTIMIZATION

In this section, the following optimization issues will be investigated:
= The furthest displacement of the cart in one full stroke;
» The fastest average speed of the cart in one full stroke;
= The most efficient control input in one full stroke.
A.Phase and Time-Domain Trajectories
Considering the boundaries of Lemma 1 and Lemma 2, we have the maximal

angular acceleration and velocity at A and /A , the minimal angular acceleration

and velocity at uA/(1+p) and \/ur /(1+p), respectively. Based on Assumption (a),
the pendulum phase trajectory for the fast motion is contained in the region
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0] < V. [6] < Va7 6]
and the phase trajectory for the slow motion is contained in the region

0] < o] < Jz ) -6+

I+p

=%

Q, =(6.0):[6]<3

@, =(0.0):l0[<3

=%

The trajectory of Lemma 1 in time domain is obtained by solving numerical
integration of the following differential equations

0=y 0(0)=—%
p=r7—y* 6(0)=0

Similarly, by solving the boundary of Lemma 2

(16)

b=y 6(0)=—3

je '—(ﬁl)z—y“ 6(0)=0 (17)

the trajectory of Lemma 2 in time domain is obtained. The velocity boundaries of
the fast motion and the slow motion in time domain can be piecewise
approximately represented by a first-order polynomial

Ot)=kt+b telt,t,], (18)
where i = 0, 1, 2, ... , 6. The plot of the boundary is shown in Fig. 4, and the

coefficients of the trajectory are given in Table 2 and Table 3, where time is in
seconds and angular velocity is in radian per second.

r Atw)  Bw)

A/t (radls)
Angular velocity (rad/s)

Dt,w,) E(w,)

1

Time (s)

Fig. 3 — Phase trajectory of the pendulum (solid Fig. 4 — The boundaries of Lemma 1 and Lemma
line in red shows fast motion boundary; dash line 2 (Qrand ) in time domain.
in blue shows slow motion boundary).

Note that the boundary trajectories Qr and € in time domain will be used in
the rest of the paper for different optimization purposes.
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Table 2

The configuration of the fast motion boundary Qg

t t t; t ts ts

0.06 0.16 0.22 0.28 0.38 0.45
wy w) w3 Wy Ws We
18.97 18.97 0 -18.97 —-18.97 0
Table 3

The configuration of the slow motion boundary €

t t t t ts ts

0.62 1.7 2.32 2.18 2.51 3.13
Wi w2 w3 Wy Ws We
1.85 1.85 0 -1.85 —1.85 0

B.Cart Motion
It is known from the equations of motion that the PDC is a holonomic

underactuated mechanical system 4 which has a completely integrable second-
order constraint (1). So integrating (1) once using Assumptions (b) and (d) gives

(M +m)f;m—mzj;(écose+éz sin @) dt +

+uo () j;[(M +m)g —mIBsin® —mlH> cos O] dr = 0.

The cart speed is given as

P mlB[cos 6 + uo(x)sinB] Uo()gt. (19)
M +m
Integrating (1) twice gives
(M + m)j(: Lt Xdt — mlj(: Lt (Ocos®+62sin)dr +
o ) . (20)
+ ucs(x)jo jo [(M +m)g —mlBsin® — mi®? cos0]dz = 0.

Since the initial angle of the pendulum is fixed (Assumption (c)), the cart
displacement is rewritten as

y = MIsin0—po(X)cosO+1] 1 o o) 1)
M+m 2

Next, we consider the three optimization issues aforementioned in this section.

C. Optimization of Cart Displacement

From (21), the cart can achieve the furthest displacement if the pendulum
rotates the full range from /2 to /2 using the shortest time in the forward stroke.
So a rest-to-rest movement is required for the cart, i.e. move forward in forward
stroke and stay still in backward stroke. As shown in Fig. 5, consider a series of
motions as below:
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Forward stroke:
1) OF,4: the motion with the maximal fast-motion acceleration of the

pendulum leads to the acceleration of the cart;
2) FaFp: the pendulum rotates using the maximal fast-motion angular

velocity while the cart keeps accelerating;
3) FgFc: the motion with the maximal fast-motion deceleration of the

pendulum leads to the deceleration of the cart.

—#— Fast motion
E W) Ftw) —#B— Slow notion
2z
21
:
3
4 Ft,w) Fltow)
00,0 N e
F(t,w,) F(t;w,)
1 " 1
Tine (s)

Fig. 5 — The velocity trajectories for the furthest displacement of the cart.

Backward stroke:
4) FcFp: after the pendulum rotates to /2 at Fc, it starts backward stroke

using the maximal acceleration of the slow motion;
5) FpFg: the pendulum rotates using the maximal angular velocity of the slow

motion while keeps the cart still;
6) FgFr: the pendulum decelerates using the maximal deceleration of the slow

motion until it reaches to its original position —/2 at Fr.

Table 4

The configuration of the trajectory for the furthest displacement

4 t t ty ts t

0.06 0.166 0.226 0.846 1.924 2.544
Wi %% W3 Wy Wjs Wg
18.97 18.97 0 -1.85 -1.85 0

The series of motions is a combination of the fast motion and the slow
motion. So we can obtain the trajectory using the configurations in Table 2 and
Table 3. The final configuration of the pendulum trajectory for the furthest
displacement is presented in Table 4.
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A simulation result is shown in Fig. 6. It is seen that the cart was driven in the
fast motion which is also the forward stroke of the pendulum, and was kept still
during the slow motion which is the backward stroke of the pendulum. It can be
obtained from the simulation that the cart achieved the maximal displacement
0.052 m in 0.226 seconds and kept stationary until 2.544 seconds when a full
stroke cycle was finished. Note that, it is not surprise that the simulation result is
consistent with the result calculated by equation (21) which indicates that the
furthest displacement can be achieved by enlarging the final angle of the fast
motion while minimizing the duration of the full stroke cycle. The phase trajectory
of the pendulum in one full stroke is presented in Fig. 7, and the cart position as a
function of the pendulum angle is shown in Fig. 8.

Pendulum Angle (rad)

oF
of 20 Fa F
2k 1 1 1 1 1 1
P = sl
<[ E 15
A z
‘L ! n n n | g o
peT— 2
:
005 |- Sk
W S <
Cart Vedocity (mis) ok O (-n/2,0)
o6 F F. Fe
er /\ F, F,
ool s . h . . \ A
L L L L L L 20 -15 -1.0 05 00 05 10 15 20
Time (s) Pendulum Angle (rad)
Fig. 6 — The furthest displacement of the cartin ~ Fig. 7 — The phase trajectory of the pendulum for
one full stroke. the furthest cart displacement.
0.06
F Fe F F [ Eew FLw) —=— Fast motion
005 |- —&— Slow notion
FE
004 |- 2z
8 oo >§ = o) E,w)
g E O0,0)
% 002 E
001 | F,
o
0.00 L Ftaw) E L)
20 —l‘.S —1‘.0 4;.5 ofo of5 150 1{5 20 L L
Pendulum Angle (rad) Tine (s)
Fig. 8 — The cart position as a function of the Fig. 9 — One full stroke of the pendulum angular
pendulum angle for the furthest cart trajectory for the fastest average cart speed.
displacement.

D. Optimization of Average Cart Speed

Consider the movement shown in Fig. 9 as below.

Forward stroke:

1) OF4: the motion with the maximal fast-motion acceleration of the
pendulum leads to the acceleration of the cart;
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2) FaFp: the pendulum rotates using the maximal fast-motion angular
velocity while the cart keeps accelerating;

3) FgFc: the motion with the maximal fast-motion deceleration of the
pendulum leads to the deceleration of the cart.

Backward stroke:

4) FcFp: after the pendulum rotates to w/2 at Ec, it starts backward stroke
using the maximal fast-motion acceleration which leads to the acceleration of the
cart in backward direction;

5) FpFg: the pendulum rotates using the angular velocity —w; while the cart
keeps accelerating;

6) FgFg: the pendulum decelerates using the maximal deceleration of the fast
motion which leads to the deceleration of the cart;

7) FeFg: the motion with the maximal slow-motion acceleration while the cart
keeps still;

8) FgFu: the pendulum rotates using the maximal angular velocity of the slow
motion while keeps the cart still;

9) FyF|: the motion with the maximal slow-motion deceleration until it stops
at —m/2.

0.06

o
®
1

o
S
1

Cart Displacement (1m)

0.00

, ; , , ; ,
0.00 0.05 0.10 0.15 0.20 0.25
t.(s)

Fig. 10 — The duration of the fast motion in the backward stroke (z)
as a function of cart displacement.

As discussed in Section III.C, the furthest displacement is achieved at Fc, the
fast motion Fcr in the backward stroke will bring the cart back a short distance
which depends on the duration of the fast motion t; in the backward stroke.
Furthermore, as it is known that the pendulum rotates from n/2 to —m/2 in the
backward stroke, it is easily found that the duration of the slow motion Fg can be a
function of #. Therefore, we use # as a control parameter of the cart displacement
and the average cart speed in order to find the optimum # that gives the fastest
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average speed of the cart. The simulation results of the cart displacement and the
average speed as a function of #-are shown in Fig. 10 and Fig. 11, respectively.

0.06

0.04

0.02

Cart Displacement (m)

0.00

0 1 2 3 0 1 2 3 0.00 0.25 050
Time (s) x Time (s) T Time (s)

0.03
g 0.02
= (0, 0.02) (0.067, 0.021)
3
(]
&
© 001t
©
o
Q
[}
o
Q 0.00}
<
(0.225, -0.004)
-0.01 L L L
0.0 0.1 0.2
t (s)

Fig. 11 — The duration of the fast motion in the backward stroke (#) as a function of average cart speed.

It is shown from Fig. 10 that, as # is increasing, the cart displacement is
decreasing due to the backward movement of the cart in the backward stroke. Note
that #, varies from 0 to 0.226 seconds which # = 0 second means there is only one
slow motion in the backward stroke (equals to the motion of the furthest
displacement) and ¢, = 0.226 seconds means there is no slow motion, but only one
fast motion is used in the backward stroke. An optimum parameter is observed at
tr=0.067 seconds in Fig. 11 which shows the average cart speed as a function of #.
It is seen that, when #, =0, the furthest displacement of the cart is shown
corresponding to an averaged cart speed of 0.02 m/s. When = 0.067, the fastest
average cart speed is obtained at 0.021 m/s. Finally, when = 0.225, the pendulum
executed a fast motion in the forward stroke and in the backward stroke
respectively which led to an average speed of —0.004 m/s. The phase trajectory of
the pendulum and the cart position as a function of the pendulum angle for the
fastest average cart speed are presented in Fig. 12 and Fig. 13, respectively.

E. Optimization of Energy Consumption

In order to minimize the control energy in one full stroke, the energy
consumption at per unit displacement is considered as below

E=( jOTrzdz)/x(T), 22)
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where T is the period time for one full stroke. Next, consider the pendulum motion
as below:

0.06

o
3
o
o

o
T

S
T
o
®
T

[
T
3

=
T
Cart Position (1m)
=4
8
T

Angular Velocity (rad/s)

o
T
=4
2
T

FA

o
3
T

o

L L L L L
20 15 10 05 00 05 10 15 20 20 15 -0 05 00 05 10 L5 20
Pendulum Angle (rad) Pendulum Angle (rad)

Fig. 12 — The phase trajectory of the pendulum Fig. 13 — The cart position as a function of the
for the fastest average cart speed. pendulum angle for the fastest average speed.

Forward stroke:

1) OE4: the motion with the maximal fast-motion acceleration of the
pendulum leads to the acceleration of the cart;

2) EAEg: the pendulum rotates using the angular velocity w; while the cart
keeps accelerating;

3) EgEc: the motion with the maximal fast-motion deceleration of the
pendulum leads to the deceleration of the cart.

Backward stroke:

4) EcEp: after the pendulum rotates to m/2 at Ec, it starts backward stroke
using the maximal fast-motion acceleration which leads to the acceleration of the
cart in backward direction;

5) EpEg: the pendulum rotates using the angular velocity —w; while the cart
keeps accelerating;

6) EgEr: the pendulum decelerates using the maximal deceleration of the fast
motion which leads to the deceleration of the cart;

7) EgEg: the motion with the maximal slow-motion acceleration while the cart
keeps still;

8) EGEn: the pendulum rotates using the maximal angular velocity of the slow
motion while keeps the cart still;

9) E4E;: the motion with the maximal slow-motion deceleration until it stops
at —m/2.

The detailed pendulum trajectory is shown in Fig. 14. To find the optimal
configuration of the pendulum trajectory for the most efficient control consumption,
the energy consumption at per unit displacement represented by equation (22) is
computed by varying the maximal fast-motion angular velocity w; and the duration
of the fast motion in the backward stroke #. In the simulation, w; is varying from
the maximal slow-motion angular velocity 1.85 rad/s to the maximal fast-motion
angular velocity 18.97 rad/s, and #is varying from 0 s to 0.225 s.
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E (t,w) Etw,) —#— Fast motion
—#— Slow notion
8 1
3 \
Z: \ R Sl YR Et,w)
E 00 ‘
L Etw) Etw)
. .
Tine (s) w, (rad/s)
Fig. 14 — One full stroke of the pendulum Fig. 15 — The energy efficiency as a function
angular trajectory for the most efficient control of w; and #.
consumption.

The simulation result for the energy efficiency as a function of w; and # is
shown in Fig. 15. From the result, the minimum energy consumption at per unit
displacement is obtained when (wy, ) = (7.35, 0) which means the maximal fast-
motion speed is 7.35 rad/s and there is no fast motion in the backward stroke. The
phase trajectory of the pendulum and the cart position as a function of the
pendulum angle are shown in Fig. 16 and Fig. 17, respectively.

0.05

8 E, 5
0.04 |- DEF

oF E

E fg 0.03 |-

ER H

§ 002

5 2 E

gﬂ 001

= O(-n'2,0)
g \ Eeoed]
0.00 o
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EH EE " 1 1 1 1

. . . . . . .
20 15 -0 05 00 05 10 15 20 20 A5 A0 05 00 05 10 1520

Pendulum Angle (rad) Pendulum Angle (rad)

Fig. 16 — The phase trajectory of the pendulum Fig. 17 — The cart position as a function of the
for the most efficient energy consumption. pendulum angle for the most efficient energy
consumption.

4. CONCLUSIONS

The paper has investigated the trajectory planning problem of the pendulum-
driven cart. Three optimization problems have been studied: 1) the furthest cart
displacement; 2) the fastest average cart speed; 3) the most efficient control
consumption. The optimizations were undertaken by varying a piecewise linear
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trajectory of the pendulum approximately obtained from the system constraints.
The optimum trajectories were found by extensive simulation studies.
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