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PREDICTION OF THE FORMING LIMIT CURVES 
USING GTN DAMAGE MODEL 

ABDOLVAHED KAMI1, BIJAN MOLLAEI DARIANI1, ALI SADOUGH VANINI1, 
DAN SORIN COMSA2, DOREL BANABIC2 

Abstract. In this paper, the forming limit curve of an AA6016-T4 sheet metal is constructed 
using Gurson-Tvergaard-Needleman (GTN), Marciniak-Kuczynski (M-K) and 
Modified Maximum Force Criterion (MMFC) models. The mechanical behavior of 
the matrix material is described using Hill’48 quadratic yield criterion and an isotropic 
hardening rule. The accuracy of the predicted forming limit curves is checked by 
comparison with an experimental forming limit curve. The forming limit curve obtained by 
the anisotropic GTN damage model is in better agreement with the experimental 
results especially in the biaxial tension region. While the M–K model predicts the left 
branch of the forming limit curve with high accuracy, it provides poor results with 
high overestimation along right branch of the forming limit curve. Also, the MMFC 
model overestimates the forming limits. These results indicate that the GTN model is 
a useful tool in analyzing the formability of anisotropic sheet metals. 
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1. INTRODUCTION 

In sheet metal forming it is very important to predict the possibility of necking or 
fracture occurrence for different loading conditions. One of the most common tools 
used for this purpose is the forming limit curve (FLC). This curve is actually a plot 
of the major principal strain vs. minor principal strain characterizing the onset of 
sheet necking. Consequently, FLC divides the possible combinations of the major 
and the minor strains into safe and unsafe regions. More precisely, the strain 
combinations which stand below the FLC are considered as safe (acceptable), 
while the strain combinations located above the FLC are considered as unsafe. 

The literature survey shows that many attempts have been to determine the 
forming limit curve using a variety of experimental, theoretical and numerical 
methods. In general, the experimental determination of FLC is a very expensive 
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and time consuming process. For this reason many attempts have been made to 
construct the FLC by theoretical and numerical methods [1–3]. One of the suitable 
theoretical approaches for the FLC determination is the Gurson-Tvergaard-
Needleman (GTN) damage model [4–7]. The original formulation of this model 
has been proposed by Gurson [4] by assuming that the degradation of the load 
carrying capacity and finally the fracture of ductile metals are caused by the 
evolution of voids. Gurson’s model takes into account only the growth of pre-
existing voids, without assuming any generative mechanisms. In order to overcome 
this limitation, Tvergaard and Needleman [ 5–7] have proposed mathematical 
descriptions of the void nucleation and coalescence. The final modified model is 
known as Gurson-Tvergaard-Needleman (GTN) damage model. 

Of course, it is possible to solely use the GTN damage model to predict the 
fracture of the ductile materials during deformation. On the other hand, the GTN 
model could be also used to construct the forming limit curve. Brunet et al. [8] 
studied the occurrence of necking in square cup deep drawing of a mild-steel sheet 
and also extracted the limit strains of the sheet using an anisotropic Gurson-
Tvergaard criterion [4,5]. Brunet et al. [9,  10] proposed a necking criterion based 
on the load-instability and plane strain localization assumptions in which the 
failure of the material is defined by an anisotropic Gurson–Tvergaard damage 
model. He et al. [11] predicted the forming limit stress diagram of 5052 aluminum 
alloy based on the GTN model. Abbasi et al. [12,  13] used GTN model to predict 
the forming limit curve of an IF-steel and a tailor welded blank made from IF-steel. 

In this paper, a GTN model based on Hill's quadratic expression of the 
equivalent stress is used to construct the forming limit curve. The model is 
implemented as a VUMAT routine in the ABAQUS/Explicit finite-element code. 
Furthermore, the plastic strain and void volume fraction distributions near the 
fracture section are analyzed. 

2. GTN DAMAGE MODEL 

The GTN model [5–7] considers an isotropic plastic deformation for the 
matrix material. On the other hand, as the metallic sheets are produced by rolling 
processes, some plastic anisotropy is induced in the matrix material. For this 
reason, to obtain more accurate results, it is more realistic to assume a plastic 
anisotropy of the matrix material. So, the Hill’48 equivalent stress [14] is used to 
describe the plastic anisotropy. 

Hill’48 equivalent stress is expressible as follows [14]: 
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The quantities denoted as ijσ  (i,  j  =  1,  2,  3) in Eq. (1) are Cartesian 
components of a Cauchy stress tensor expressed in a frame that follows the local 
rotation of the anisotropy axes, while F, G, H, L, M and N are material constants. 
The parameters F, G, H, L, M and N can be evaluated using different types of 
experimental data. In the case of metallic sheets, the standard identification 
procedure relies on the Lankford coefficients r0 , r45 and r90 obtained from uniaxial 
tensile tests performed on specimens cut at 0°, 45° and 90° with respect to the 
rolling directions. The following relationships can be used to evaluate the 
parameters F, G, H, L, M and N when these coefficients are available: 
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The general form of the GTN damage potential is: 
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where σ  is the equivalent stress defined by Eq. (1), p is the hydrostatic pressure, Y 
is the yield stress of the matrix material defined as a function of the equivalent 
plastic strain pε  by means of Swift’s hardening law: 
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is a porosity parameter depending on the current void volume fraction f The 
quantity f ∗  has been introduced by Tvergaard and Needleman [7] to describe the 
accelerated loss of load carrying capacity due to the coalescence of voids. All the 
other symbols occurring in Eqs (3), (4) and (5) are material constants. The change 
of the void volume fraction f is caused by the growth of the initial void volume 
fraction 0f  and the nucleation of new voids at the limits of the second phase 
particles and inclusions: 

 growth nucleationf f f= + , (6) 
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where 
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The quantities denoted as NS , Nε  and Nf  in Eq. (8) are also material 
constants. The values of 1q ,  2q ,  2

3 1q q ,=  NS  and Nε  have been adopted as 1.5, 1, 
2.25, 0.1 and 0.3 [15], respectively. The values of the other parameters, i.e. 

0   C Ff , f , f  and Nf , have been obtained using an identification procedure which 
employs the central composite design and response surface methodology (RSM). 
In this way, the optimum values of 0  C Ff , f , f  and Nf  parameters have been 
calculated as 0.00035, 0.05, 0.05 and 0.15, respectively. The complete procedure 
followed to obtain these values is explained in detail in our previously published 
papers [16,  17]. 

3. NUMERICAL DETERMINATION FORMING LIMIT CURVE 

The commercial ABAQUS/Explicit finite element code and the VUMAT 
implementation of the anisotropic GTN damage model have been used to calculate 
the forming limit curve of an AA6016-T4 sheet (1 mm thickness). The mechanical 
properties of this material have been determined from uniaxial tensile tests 
performed on specimens cut at 0°, 45° and 90° with respect to the rolling direction. 
The Lankford coefficients obtained from these tests are the following ones: 

0 0 5529r .= , 45 0 4091r .=  and 90 0 5497r .= . The values of material constants in the 
Swift’s law have been obtained as: 525 77K .=  MPa, 0 0 01125 .ε =  and 0 27 n .= . 
Furthermore, Young’s modulus E = 70 GPa and Poison’s ratio 0.33ν =  have been 
also evaluated by averaging the results of the uniaxial tensile tests associated to the 
0°, 45° and 90° directions. 

To construct the numerical forming limit curve, several Nakajima tests have 
been simulated using the finite element code ABAQUS/Explicit and the VUMAT 
implementation of the GTN model. In each case, the major and minor principal 
surface strains at the onset of necking have been determined by processing the 
strain maps with the ARAMIS software. Figure 1 shows the finite element model 
of the Nakajima test performed on a specimen having the shaft width w = 55 mm. 
Because of the anisotropic behavior of the material, the specimens have been 
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modeled with full geometry, as shown in Fig. 1. A holding force of 100 kN has 
been applied to the reference point of the blank holder. 

The die, punch and the blank holder have been modeled as analytical rigid 
surfaces, while the specimen has been meshed using hexahedral elements with 8 
nodes and reduced integration (C3D8R). The frictional interactions between the 
metallic sheet and tools have been described using Coulomb’s model. The 
following values of the friction coefficient have been adopted: 0.03 at the interface 
with the punch, and 0.1 for the interfaces with the clamping ring and die. 

 
Fig. 1 – Finite element model of a Nakajima test. 

4. EXPERIMENTAL DETERMINATION FORMING LIMIT CURVE 

The performances of the constitutive model implemented as a VUMAT 
routine have been assessed by calculating the forming limit curve of an AA6016-
T4 metallic sheet (1 mm thickness) and comparing the numerical predictions with 
reference data obtained from a series of Nakajima tests [18]. Punch stretching tests 
performed on specimens with different shaft widths (denoted as w in Fig. 2) allow 
the reproduction of different load states ranging from uniaxial traction (small 
values of the shaft width) to balanced-biaxial traction (case of a fully circular 
specimen). These loads cover both branches of a forming limit curve. The values of 
the width parameter w adopted by the authors are 30, 55, 70, 90, 120, 145 and 
185 mm, the last of them corresponding to a fully circular specimen. 



 Abdolvahed Kami et al. 6 258 

w

 
Fig. 2 – Dimensional characteristics of the specimens used in the Nakajima tests. 

5. DETERMINATION OF FORMING LIMIT CURVE 
USING M-K AND MMFC MODELS 

The Marciniak-Kuczynski (M-K) model assumes that the strain localization 
results from a thickness imperfection schematically represented as a groove in 
Fig. 3 [2,19]. According to this hypothesis, two regions of the sheet metal should 
be distinguished: A – non-defective zone; B – groove. At different stages of the 
straining process, the parameter (B) ( A )f s s= , 0 1f< < , is used to describe the 
amplitude of the imperfection (s(A) and s(B) denote the current thickness of regions 
A and B, respectively – see Fig. 3). The mechanical interconnection A – B is 
defined by a set of relationships enforcing the continuity of the strain-rate along the 
groove and the equilibrium of the normal and tangential loads acting on the 
interface from both sides [18]. In the case of the M-K model, necking is a 
consequence of the fact that the thickness strain tends to accumulate faster in 
region B. 

The Modified Maximum Force Criterion (MMFC) proposed by Hora et al. 
[20] is an extension of Considère’s model. The basic idea behind the MMFC model 
is the assumption that necking is preceded by a local evolution of the material 
towards the plane strain state (Fig. 4). Using this hypothesis, Hora and his co-
workers were able to define an analytical relationship from which the limit strains 
corresponding to different load paths could be determined [18]. 
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Fig. 3 – Schematic view of the thickness imperfection assumed by the M-K model. 

 
Fig. 4 – Evolution towards the plane strain point of a yield locus assumed by the MMFC model. 

6. RESULTS AND DISCUSSIONS 

It is possible to obtain useful information about the deformation of the 
specimens by following the evolution of voids. This technique is able to catch the 
onset of necking, which is required for the construction of the forming limit curve. 
The distribution of the voids in the specimen with 130 mmw =  at the start of the 
void coalescence process is shown in Fig. 5a. One may easily notice that the void 
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distribution is almost uniform in the polar region of the specimen. Figure 5b shows 
the voids distribution at the onset of necking. One may notice that the high values 
of void volume fraction are concentrated in a small region of the specimen 
(necking zone) while the other regions are characterized by smaller values of the 
void volume fraction and almost uniform distributions of this quantity. 

 
Fig. 5 – Void volume distribution on the notched specimen with w = 130 mm: 

a) before coalescence; b) at the onset of necking. 

Figure 6 shows the distribution of the major logarithmic strain on the surface 
of the fractured specimen determined by numerical simulation of the punch 
stretching experiment performed on a notched specimen having the initial shaft 
width 130 mmw = . As shown in Fig. 6, the fracture does not occur at the dome 
apex (see also Fig. 5 for the case of necking). This phenomenon is the effect of the 
frictional contact between the punch and the specimen which limits the straining of 
the sheet regions in contact with the punch. Figure 6b shows a specimen fractured 
during the laboratory tests. The shape of the fracture region obtained by numerical 
simulation (Fig. 6a) compares well with the experimental results. The fractured 
dome height predicted by the numerical simulation (38.47 mm) is also in very good 
agreement with the experimental data (38 mm). 

 
Fig. 6 – Void volume distribution on the notched specimen with w = 130 mm at fracture: 

a) finite element simulation; b) image of the specimen used in the experimental test. 



9 Prediction of the forming limit curves using GTN damage model 261 

The forming limit curve obtained using the ARAMIS software is presented in 
Fig. 7, which indicates that the results obtained by numerical simulation using the 
GTN damage model are in good agreement with the experimental data. The 
comparison becomes even more favorable when confronted with the predictions of 
the Marciniak-Kuczynski (M-K) model and the Modified Maximum Force 
Criterion (MMFC) – see Fig. 7. One may notice from the diagram that the quality 
of the GTN predictions is far better, especially along the right branch of the 
forming limit curve, where both M-K and MMFC models overestimate the 
formability of the metallic sheet. The overestimation is totally unrealistic along the 
right branch of the forming limit curve. The idealizations included in the M-K and 
MMFC models seem to be responsible for the poor quality of the numerical 
predictions. In contrast, the finite-element analysis based on the GTN constitutive 
model is able to describe the actual conditions of a Nakajima test with better 
accuracy. The authors consider this fact as the main explanation for the quality of 
the finite-element results. 

 
Fig. 7 – Comparison between the FLCs obtained by different methods. 

The strain distribution corresponding to the fracture moment has been also 
used for the determination of the forming limit curve by means of Bragard’s 
method. Figure 8 shows the values of the strains at the necking and fracture 
moment at the middle of a crack region (see Fig. 6a). By comparing the values of 
strains at the fracture moment, one may notice that the strain values are not far 
from those obtained by processing the frame associated to the necking stage of the 
specimen. This is a consequence of the fact that after necking the strains evolve only in 
a small region of the specimen. The limit strains calculated by the ARAMIS 



 Abdolvahed Kami et al. 10 262 

software are almost the same for both necking and fracture stages (with negligible 
differences). This is the consequence of the exclusion of the middle points from the 
major and minor strain calculations. In this way, the forming limit curve constructed 
using the fracture frame (Fig. 9) is very similar to the forming limit curve obtained 
by processing the necking frame. In some cases, because of the elastic relaxation 
after the fracture, the limit strains obtained from the fracture frame are somewhat 
lower than those determined on the basis of the necking frame (see the right branch 
of the forming limit curve shown in Fig. 9). 

 
Fig. 8 – Determination of the major and minor in the notched specimen with w = 130 mm. 

 
Fig. 9 – Comparison between the forming limit curves obtained at the onset 

of necking and after the fracture. 
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7. CONCLUSIONS 

In this research, the anisotropic GTN damage model with Hill’48 quadratic 
yield criterion, M-K and MMFC models were used to construct the forming limit 
curve of a metallic sheet. The forming limit curve of the AA6016-T4 aluminum 
alloy was computed by simulating a sequence of Nakajima tests with the finite 
element code ABAQUS/Explicit and a VUMAT implementation of the GTN 
damage model. The numerical forming limit curve showed a good agreement with 
the experimental results. In general, the limit strains predicted by the GTN model 
were more accurate than those calculated with the M-K and MMFC models. The 
numerical forming limit curve of the AA6016-T4 aluminum alloy was also 
determined by processing the distribution of the principal strains associated to the 
fracture stage of the Nakajima test. The results showed that this curve is almost 
coincident with the forming limit curve obtained using the onset of necking. The 
analysis of the plastic strain and void volume fraction distributions showed that 
they are useful tools for detecting the onset of necking and the final fracture. In the 
numerical determination of the forming limit diagrams, these distributions can be 
used to make the decision about the moment and location of the limit strain 
measurement. 
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