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A NATURAL SONIC COMPOSITE – THE ATMOSPHERE
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Abstract. The atmosphere represents a natural sonic composite exhibiting the full
band-gaps and localized modes around inhomogeneities given by the wind-velocity
jumps. The paper analyses a barometric model including inhomogeneities which are
modelled as Somigliana dislocations. The motion of atmospheric air is characterised
by anharmonic coupling of nonlinear baroclinic fields of waves, and it is possible to
tend to chaos when subjected to severe acoustic pulses. The riddling bifurcation is
depicted that explains the generation of the hyperchaotic attractors.
Keywords: atmospheric models, Eshelby theory, full band-gap, hyperchaotic attractor,
Riddling bifurcation.

1. INTRODUCTION

The sonic structures exhibit localized modes around interfaces or inhomogeneities
due to the lack of purely real wave vector for certain frequencies, sustaining the
evanescent modes [1]. The generation of evanescent modes are related to the
existence of band-gaps or Bragg reflections at different frequencies inverse
proportional to a specific internal distance [2–9]. If the band-gaps are not wide
enough, their frequency ranges do not overlap. Consequently, any wave is reflected
completely from layered structure in the frequency range where all the band-gaps
for the different periodical directions overlap.
In this article we will discuss the existence in nature of structures that exhibit
characteristics of sonic structures. It is the case of the atmosphere.
Simple models of the atmosphere are known starting to 1947’s [10–13]. The
frictionless laminar adiabatic motion of a rotating baroclinic fluid was discussed by
Eady [10] in connection to cyclone waves and long waves of middle and high
latitudes. During the 1950’s, Lorenz examined the extend of which the linear statistical
models are appropriate to be used in meteorology and the weather forecasting.
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Description of the butterfly effect was presented in 1969 [14]. In the years that
followed, a large number of papers analyze and emphasize the dynamic instability
of the atmosphere [15].
The stability of a simple two-layer model of the baroclinic atmosphere was
demonstrated by Brojewski [16].
The solitary waves with constant travelling speeds and the lack of dispersion
are the key for stability. Some basic factors which can influence the atmospheric
stability like the vertical variability of the wind are investigated by Brojewski [17,
18] and Tsuchida [19] with emphases to oscillation character after Hopf bifurcations of
the second kind. The large-scale weather phenomena are sometimes associated to
vortices originated from dynamical disturbances in the atmosphere.
The aim of this paper is to show that the atmosphere exhibits the full bandgaps and localized modes around inhomogeneities. Inhomogeneities due to
stratified wind-velocity are modelled as Somigliana dislocations according to the
Eshelby theory [20–22] and Wang et al. [23]. If the applied stress is σ wind and the
displacement field of stratified wind-velocity is vwind , the force is given by

Fwind =

v∫ ∫Σ (vwind ∇σwind − σind ∇vwind )ds ,

(1)

where Σ is the closed surface which encloses the wind-velocity jumps [24] when
point sources of explosive character act upon the atmosphere, riddling bifurcation
can occur. In this bifurcation, one of the unstable periodic orbit embedded in a
higher-dimensional chaotic attractor becomes unstable transversely to the attractor
[25–29]. The hyperchaoticity can be related to Sommerfeld effect which is a
universal phenomenon which is a result of the law of energy conservation [6, 24,
30, 33–35].
2. THE MODEL OF ATMOSPHERE

Two-layer model of baroclinic atmosphere referred to as a β -plane (Fig.1) is
considered [16]. The isobaric levels are pi, i = 1, 2, 3, 4.
The equations of the model are
(3)
2 (3)
∇ 2 ς,(3)
t + J (ς , ∇ ς,t + f ) = f

ω(2)
,
Δp

(2)

(1)
2 (1)
∇ 2 ς,(1)
t + J (ς , ∇ ς,t + f ) = − f

ω(2)
,
Δp

(3)
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⎞ g σ (2)
(1)
(ς,(3)
+ ς(3) ), ς(3) − ς(1) ⎟ +
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t − ς,t ) + J ⎜ (ς
⎝2
⎠ f
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(4)

where ς(1) , ς(3) are vorticity at the levels 1 and 3, f = 2Ω sin ϕ is the Coriolis
df
parameter, Ω the angular velocity of the Earth, and ϕ the latitude, β =
= const. ,
dz
dp
ω(2) =
is the vertical velocity at the level 2 in the pressure system,
dt
u (i ) (i = 1, 3) the main air flow velocity at the levels 1 and 3, σ is the stability
coefficient of the atmosphere, g the acceleration of gravity.

Fig. 1

− Structure of the atmosphere in the baroclinic model.

Let us consider the case when a turbulent region is surrounding the windvelocity jumps. The applied stress σ wind and the displacement field of stratified
wind-velocity vwind are related by the force expressed in (1), where Σ is the
boundary of a volume Vt ⊂ V where the wind-velocity jumps are present. V is a
finite domain where the motion is studied.
Suppose that a constant vorticity field is prescribed into Vt ⊂ V

⎧⎪ς( j )* , ( y , z ) ∈Vt , j = 1, 3
ς( j ) ( y , z ) = ⎨
.
⎪⎩ 0, ( y , z ) ∈V / V

(5)

Attention is paid to the boundary conditions attached to (2)–(5). The
boundary conditions are imposed in terms of the displacement discontinuities, in
accordance with the Somigliana dislocation. In addition, the normal component of
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the velocity vanishes at the surface of the earth, the momentum vanishes at the
limit of the atmosphere. The discontinuities are tangential and differ only by the
wind velocity which is locally planar. The wind plan D is denoted by ( y obs , z obs ) .
The coordinates y, z represent the east and north directions, respectively.
The reference frame ( y, z ) is obtained by a Galilean transformation and moves

(

)

1 + obs
v
+ v − obs , where v + obs and v − obs are
2
velocities on the left and right sides of D. The relative velocity is defined as

with a constant velocity vwind =

vr = v − obs − v + obs . Some symmetries are depicted v − = −v + = vr / 2 . Fig.2a
presents the bulk velocity on the left (+) and right (−) on the transition in the frame
( y obs , z obs ) and the same configuration after a Galilean transformation to the ( y , z )
frame moving with velocity V is displayed in Fig.2b.

Fig. 2

− The bulk velocity on the left (+) and right (−) on the transition in the frame (yobs, zobs)
(a) and the same configuration after a Galilean transformation to the (y, z)
frame moving with velocity νwind (b).

The weather forecast the equivalent barotropic atmosphere can be of interest
of this paper [13]. The large scale perturbations in the atmosphere have the
character of external waves in which the streamlines or isobars is approximately
the same at all levels. Also, the increase of wind with height is similar along all
verticals. So, the vorticity equation is given by
( f + ς),t + f ρ−1[(ρU ), x + (ρV ), y ] = 0 ,

(6)

where ς is the vertical vorticity component relative to the earth, are the
components of velocity in the y (east), z (north) directions, ρ is the density. By
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averaging (6) in the vertical direction with respect to pressure, and using the
subscript “0” to denote the surface values, we have
( f + ς),t = f p0−1 p0,t − f H −1w0 ,

(7)

where H = RT0 g −1 is the height of the homogeneous atmosphere, w is the vertical
velocity component, p is the pressure, T the temperature and R the specific gas
constant.
The velocity field is function on y , z , p, t . Let us supposed to have
U = u ( y, z , t ) A( p) , V = v ( y , z , t ) A( p) ,

(8)

that means A( p ) = 1 at a certain level p . In this case u = U , v = V and ς = ς .
The equivalent barotropic level equation is obtained from (7) at the level
p= p

⎛ ∂
∂ ⎞
ς,t + ⎜ U
+ V ⎟ ( f + A2ς) = f p0−1 p0,t − f H −1w0 .
∂
∂
x
y⎠
⎝

(9)

The equation (9) describes the motion of the barotropic atmosphere at the
equivalent barotropic level p = p . After eliminating the horizontal divergence by
means of the continuity equation, we can introduce the geostrophic vorticity ς g at
the equivalent barotropic level into (9)

(

)

ς g ,t + A2 ug ς g , x + v g ς g , y + βv g = f p0−1 p0,t − f H −1w0 ,

(10)

where u g , vg are the components of the geostrophic wind, β = f , y .
In the following the pressure can be replaced by the height Z of the isobaric
surface
u g = − g f −1 Z , z , v g = g f − 1 Z y .

(11)

Also, we have
ς g = g f −1 ( Z, zz + z, yy ) ,

p, t = g ρ Z , t .

(12)

The frictional damping becomes important after a certain amount of time to
explain the stationary perturbations. The component of velocity u g verifies the
motion equation with friction
ug , t = f v g = − F ug ,
where

(13)

130

C. Brisan, R. Ioan, L. Munteanu, D. Dumitriu, C. Rugina

F=

6

sin 2α Kf
,
H
2

(14)

with α the angle between the isobars and the surface wind and K the eddy
diffusivity.
By introducing (11–14) into (10) we obtain an equation in Z ( y , t ) . By a
variable change η = k y y + k z z − ωt , for the solutions ς(1) and ς(3) of (2)–(5), and
the solution ς of the equation in Z, can be taken under the form by applying the
cnoidal method [37]
n

θl (η) =

n

∑ α jl cn 2 [η jl ; m jl ] +
j =1

∑ β jl cn 2 [η jl ; m jl ]
j =0
n

1+

∑ γ jl cn [η jl ; m jl ]

, l = 1, 2, 3 ,

(15)

2

j =0

where 0 ≤ m jl ≤ 1 , l = 1, 2, 3 , j = 1, 2,..., n . By introducing (15) into (2)-(4) and
equation in Z, the unknowns α jl , β jl and γ jl are determined by using a genetic
algorithm.
The recurrent equations for higher order terms of the dispersion function
μ(μl ) are given by

(

)

μ s ,ηη + ⎡ K s2 + K s + Fsm α jl , β jl , γ jl , m jl ⎤ μ m − Ω s (α jl , β jl , γ jl , m jl ) = 0 ,
⎣
⎦
l = 1, 2, 3 , j = 1, 2,..., n , s = 1, 2, 3,...

(16)

(

)

where the constants K s , s = 1, 2,... and the functions Fs α jl , β jl , γ jl , m jl , m = 1,
2,…, are known numerically.

3. ANALYSIS

The simulation is carried out for isobaric levels of 1 000, 750, 500, 250 and
0 hPa, σ = 0.8 Rσ0 / g , σ0 = −50K / 1000 hPa , β = 1.5 × 10–11m–1s–1, α2 = 1.5 × 10–
12

m–2 and Δp = 500hPa. First functions Fs(αjl, βjl,γ jl,m jl), m = 1, 2, 3, 4, are
represented in Fig. 3. The calculus shows that functions Fs ≤ 0.4 for all m.
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First functions Ω s α jl , β jl , γ jl , m jl , m = 1, 2, 3, 4 , are represented in Fig.4.
Similarly, these functions verify the condition Ω s ≤ 1.2 for all m. First four
constants K s , s = 1, 2, 3, 4 , are 8.2540; − 4.2388; 0.4111 and 2.3433. The
variation of the real and imaginary parts of the dimensionless solution with respect
to dimensionless solutions ς (1) / ς10 and ς(3) / ς30 are presented in Fig.5. The
particular solutions z0 , ς10 , ς30 correspond to linear case when the Jacobeans
become zero. The red and orange colors correspond to linear case when the
solutions are known as modon and Rossby’s waves.

Fig. 3

− First four functions Fs ( α jl , β jl , γ jl , m jl ) , s = 1, 2, 3, 4 .

(

)

Fig. 4 − First four functions Ω s α jl , β jl , γ jl , m jl , s = 1, 2, 3, 4.
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Fig. 5

− Variation of the real part (up) and the imaginary part (down)

of the dimensionless solution z with respect to dimensionless solutions ς (1) and ς (3) .

8
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Fig. 6

133

− Dispersive curve for modon (up) and Rossby waves (down).

The linear case is obtained for vanishing of the Jacobians in (2)–(5), i.e.

∇ 2 ψ = μ 2 ψ and ∇ 2 ψ = −λ 2 ψ . Figure 6 displays the dispersion curves for
modon (up) and Rossby’s waves (down) for γ = c − u , c =
Similar results are reported by Brojewski [16].

ω
, u = 10 m/s .
k
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− Band structure for the atmosphere.

The atmosphere with stratified wind-velocity has the properties of a sonic
structure. The guided waves are accompanied by evanescent waves. Using the
Joannopoulus representation [8] for the bad-gap structure, Fig. 7 presents the
band structure of the atmosphere model. The central grey region is the full
band-gap ranged between 25 kHz and 28.5 kHz, given by the real part of the
wave vector. The left region represents the imaginary part of the wave vector
for y (east) direction, while the right region is the imaginary part of the wave
vector for z (north) direction. The red lines represent the imaginary part of the
wave vector of the evanescent modes inside the bad-gap.
If need to have a full band-gap, the band-gaps for both east and north
directions must be in the same frequency region. The stratified wind-velocities
cause narrow partial gaps at different frequencies which do not overlap. As
mechanical contrast increases, the partial gaps widen and begin to overlap in the
same frequency region leading to a full band-gap independent of the polarization.
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Fig. 8
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− Band structure for the atmosphere for (a) Gaussian source incidence,
and (b) point source incidence.

The atmosphere subjected to acoustic pulses of explosive character (surface
explosion or volcano) coming from point source or Gaussian beam, has
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surprisingly more pronounced properties of a sonic structure. Figure 8 presents the
band structure of the atmosphere in this case, for (a) Gaussian source incidence,
and (b) point source incidence. It can be seen a significant increase of the full bandgap in both loading cases.
In what concerns the incident sources, we calculate the pressure field for
point source and Gaussian source incidence, at frequency of 27 kHz inside the full
band-gap.

Fig. 9

− Imaging pressure field for (a) Gaussian source incidence,
and (b) point source incidence.
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From Fig. 9 we see that the pressure field is independent to the incident
source for both the Gaussian and point incident sources. This fact is interesting
because by tuning the length of the waveguide, the distance between source and
image can be easily controlled.

4. CHAOS AND HYPERCHAOS

If the model (2)–(5) is subjected to acoustic pulses of sufficient amplitude
0.5 ≤ a / a0 ≤ 1 , where a0 is a reference value, the motion becomes chaotically. A
complex pattern is given by the motion of disordered waves ς (1) and ς (3)
aggregated into large amplitudes. Fig.10 shows the flow of the disordered waves
for (a) Gaussian source incidence, and (b) point source incidence, for a / a0 = 0.75 .

Fig. 10

− The projections of the attractor into planes ( ς1 , ς3 )
and ( ς1,τ , ς3,τ ) for a / a0 = 0.75 .

Five region of stability are depicted in the range of variation 0.5 ≤ a / a0 ≤ 1 .
The first zone is found to be stable over the range 0.5 ≤ a / a0 < 0.57 . The regions
II ( 0.57 ≤ a / a0 < 0.69 ) and IV ( 0.84 ≤ a / a0 ≤ 1 ) respectively, present instabilities
in the motion, while the third region ( 0.69 ≤ a / a0 < 0.84 ) reports a chaotic
behavior. Fig.11 represents the variation of a / a0 with respect to time τ = t / t0 ,
where t0 is a reference value.
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− Variation of the parameter a / a0 with respect to time.

The Poincaré cross-section is determined by normal vector n = (−1.33,
0.69, −2.21, 0.89) chosen along the flow solutions ς (1) and ς (3) at a base point
with coordinates (0.89, 0.22, 1.76, −0.57). Fig.12a shows the 2D projection of the
Poincare map into the plane ( ς (1) , ς (3) ) of the chaotic attractor with two-bundle, for

a / a0 = 0.8 , and one positive Lyapunov exponent λ1 = 0.37.
The chaos-hyperchaos transition occurs when the second Lyapunov exponent
becomes positive. By a smooth increasing of a / a0 = 0.82 , two Lyapunov
exponents λ1 = 0.39 and λ 2 = 0.46 are obtained, and the resulting attractor is a
hyperchaotic one, as shown in Fig.12b. The transition between the chaos and
hyperchaos is characterized by an infinite number of unstable periodic orbits which
becomes unstable in the least two directions in the vecinity of a transition point.
The appearance of the first unstable orbit with more than one unstable direction
represents the beginning of the riddling of the basin of attraction and bubbling of
the chaotic attractor. This phenomenon is a typical way by which higherdimensional attractors grow by bursting along the new unstable direction. The
orbits ( ς (1) , ς (3) ) undergo the instability with respect to both y and z directions,
exhibiting the riddling bifurcation.
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Fig. 12
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− 2D projection of the Poincare map into the plane ( ς (1) , ς (3) )
of the attractor: a) chaotic; b) hyperchaotic.

The existence of unstable orbits creates tongues anchored at these orbits, as
shown in Fig.13.
An infinite number of tongues can be created simultaneously, as the result of
transverse instability.
The hyperchaotic attractor ( ς (1) , ς (3) , ς) where ς is the solution of the
equation in Z, is displayed in Fig.14 for a / a0 = 0.82 . The initial basin of attraction
(green color) is bubbled after the riddling bifurcations.
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This means the orbits burst in directions y and z, and in consequence, the
chaotic attractor grows. The appearance of the first unstable orbit with more than
one unstable direction indicates the activation of growing of the attractor in the
higher dimensionality maps.

Fig. 13

− Riddling bifurcations of the unstable periodic orbits with respect to y and z.

Fig. 14

− The hyperchaotic attractor after riddling bifurcations for a / a0 = 0.82 .
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5. CONCLUSIONS

The paper discusses a model of baroclinic atmospheric which exhibits the full
band-gaps and localised modes around inhomogeneities given by the wind-velocity
jumps. The inhomogeneities are modelled as Somigliana dislocations according to
the Eshelby theory. The motion of atmosphere tends to chaos when it is subjected
to acoustic pulses coming from point source and Gaussian beam of explosive
character.
A hyperchaotic attractor with at least two positive Lyapunov exponents is
depicted and the presence of disturbantions leads to riddling bifurcation that
explains the generation of the hyperchaotic attractor. The transition between the
chaos and hyperchaos is characterized by an infinite number of unstable periodic
orbits which becomes unstable in the least two directions in the vecinity of a
transition point.
By initiation of the unstable orbits with more than one unstable direction, the
tongues anchored at these orbits undergo the instability with respect to all
directions, exhibiting the riddling bifurcations. The main effect of the riddling
bifurcation is the bubbling of the attractor, i.e. the orbits burst in all directions and
the chaotic attractor grows becoming a hyperchaotic attractor.
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